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of Mind and Eye
Combinations on Canvas 
Raymond Brownell 

It was in 1969, as a young Australian architect working in Paris, that I first became aware of the 
concrete art movement, through an exhibition of the work of Max Bill, its leading theoretician. The 
idea of developing a painting or sculpture in a strictly rational way, often using mathematical ideas 
and/or procedures was immediately attractive. Then, I began a long search to achieve for myself work 
that had equivalent integrity, as between idea and realisation. This search included many areas of 
mathematics already well explored by others for their potential for art. However the field of 
combinatorics proved to be very fruitful, particularly the possibilities of using latin squares. 

Figure 1 – “Binary Fusion 4”  2006. (27”x27”) Title refers to fusion of 2 latin squares 

For non-mathematicians, a latin square could be defined as a square using n different symbols in an  
n x  n array, in which every symbol occurs exactly once in each row and column. And when one latin 
square can be laid on another so that each symbol from the first latin square occurs exactly once with 
each symbol of the second latin square, then these two squares are said to be “mutually orthogonal” 
and all possible pairings of symbols from the two squares have been generated. 

For an example using typical mathematician’s “standard” or “reduced” latin squares see below: 

1  2  3  4  5                                          1  2  3  4  5                                    1.1   2.2   3.3    4.4    5.5 
2  3  4  5  1                                          5  1  2  3  4                                    2.5   3.1   4.2    5.3    1.4
3  4  5  1  2                  +                      4  5  1  2  3                  =               3.4   4.5   5.1    1.2 2.3
4  5  1  2  3                                          3  4  5  1  2                                    4.3   5.4   1.5    2.1    3.2 
5  1  2  3  4                                          2  3  4  5  1                                    5.2   1.3   2.4    3.5    4.1 



Note complementary pairs e.g. 5.2, 2.5 occur all along second and fifth lines, and likewise along 
third and fourth lines. I saw that these complementary combinations could be read more naturally 
if rows and columns were transposed, to reflect our natural empathy with symmetry.

As a result, I developed what I term the ‘centred latin square’, where the 1.1, 2.2, etc combinations run 
down the centre column, and the previously latent symmetry becomes  much more apparent. See 
below:

3  2  1  5  4                                          4  5  1  2  3                                       3.4   2.5   1.1   5.2   4.3 
4  3  2  1  5                                          5  1  2  3  4                                       4.5   3.1   2.2   1.3   5.4 
5  4  3  2  1                   +                     1  2  3  4  5                  =                  5.1   4.2   3.3   2.4  1.5 
1  5  4  3  2                                          2  3  4  5  1                                       1.2   5.3   4.4   3.5   2.1 
2  1  5  4  3                                          3  4  5  1  2                                       2.3   1.4   5.5   4.1   3.2 

Colours may be used instead of numbers, providing an immediate sense of the structure of such arrays.
As the logic behind the configuration of numbers in most regularly ordered (not random) latin squares 
is circular, colours can better express this circularity than numbers or other symbols, providing that a 
range of colours relating to the natural colour spectrum is used.   

Within the individual square cells, colour pairings can be configured in different ways – e.g. concentric 
squares, or dividing the cell in two or four. The choice will have a major effect on the painting, and will 
emphasise different aspects of the structure of the array. See examples figures 2,3,4,and 5. 

Figure 2 – “Integration of two reflected 
systems” 2004. (28”x28”). The division of each 
individual cell containing the colour pairs into 
four quarters (two of each colour) reflects and 
emphasises the diagonal direction of the run of 
numbers or colours across the total square. 
However it is difficult to establish correctly just 
what constitutes the basic module. 

Figure 3 – “The union of two reflected systems 
no.2”  2005  (23”x23”). The disposition of 
colours is the same as in figure 2, but the cell is 
here divided vertically into two equal halves. 
The emphasis is now on the continuous vertical 
runs of consecutive numbers/colours, giving a 
very different appearance. (But is the module a 
square or a half square?) 



Figure 4 – “110 ordered pair combinations”
2007 (26”x26”). Here the slightly darker 
colours are in a roughly similar disposition 
(though inverted), but now the division of the 
cell is unequal, thus giving one of the 
constituent latin squares dominance, and 
breaking the symmetry apparent in figures 2 
and 3. The unequal division assists in correct 
reading of the basic module, the square cell, 
and the 1-2, 2-1 type complementary pairs are 
now identifiably different.  

Figure 5 – “11 colours combined in 110 unequal 
pairings no. 2”  2007  (26”x26”). All previous 
examples are based on latin squares based on 
straight consecutive runs of numbers, both 
horizontally and vertically. This painting is 
based on latin squares with straight consecutive 
runs of numbers vertically, but horizontally the 
sequence is formed by taking every third 
number, as follows: 1,4,7,10,2,5,8,11, 3,6,9. Thus 
3 cycles are necessary to complete the sequence, 
and the colours in the painting make this 
immediately apparent. 

Another way of configuring mutually orthogonal latin squares, is to transpose the rows and columns of 
the first square to form the second. Latin squares thus formed are termed “self-orthogonal”. See below. 

1  5  4  3  2                                         1  3  5  2  4                                        1.1   5.3   4.5   3.2   2.4 
3  2  1  5  4                                         5  2  4  1  3                                        3.5   2.2   1.4   5.1   4.3 
5  4  3  2  1                    +                   4  1  3  5  2                   =                  5.4   4.1   3.3   2.5  1.2 
2  1  5  4  3                                         3  5  2  4  1                                        2.3   1.5   5.2   4.4   3.1 
4  3  2  1  5                                         2  4  1  3  5                                        4.2   3.4   2.1   1.3   5.5 

The 1.1, 2.2, etc. combinations now lie along the diagonal axis (the transposition axis), and the 
complementary pairs are disposed symmetrically in relation to that. To make this symmetry more 
immediately apparent only requires that the configuration be rotated 45 degrees, so that the diagonal 
axis becomes vertical. The individual cells are now divided vertically, on the diagonal, to create each 
ordered pair combination. See Figures 6 and 7. 



Figure 6 – 3 sequences interlocked    2007    (24” 
x 24”) 

Figure 7 – “Reflected combinations no.1”  2006  
(26”x26”)

Centred latin squares and self-orthogonal latin squares can be constructed with any odd number (N+1) 
of cells in row/column, although it seems that n =11 and n=13 squares are best. I have also developed a 
completely new system to develop pair combinations, with my “collateral combinations” series, but 
this would require a separate article. (See figure 8). 

Figure 8 – “13 colours, each once with every other”   2007  (30”x26”) 

I am indebted, for his advice over recent years, to Professor Jeff Dinitz, of the University of Vermont, 
and co-author with Charles Colbourn of “The CRC Handbook of Combinatorial Designs”. Further 
information is available on my website www.raymondbrownell.com.



oRGANIc GEoMEtRY 
Judith townsend

As an artist with an interest in mathematics and science, my paintings’ themes range from 
quantum physics to fractal patterns. The watercolor paintings are not illustrations of 
mathematical concepts or theories of the universe, but are inspired by the timelessness 
and elegance revealed in the quest for understanding. That the universe can have structure 
and order and at the same time be evolving through chaos and entropy fuels my 
imagination.

Labyrinth

Labyrinth, Sawtooth Spirals  #1 and #2, and Fiddleheads, are part of a series emerging 
from spirals in nature, including  the fractal patterns of fiddlehead ferns, and the 
geometry evident in seashells and sunflowers. None of my ideas are computer generated. 
Rather, the spirals are drawn freehand and a ruler is used to create the segments radiating 
from the center. I always complete a detailed drawing before adding color, but the color 
choice is spontaneous and develops with the painting. 

Figure 6 – 3 sequences interlocked    2007    (24” 
x 24”) 

Figure 7 – “Reflected combinations no.1”  2006  
(26”x26”)

Centred latin squares and self-orthogonal latin squares can be constructed with any odd number (N+1) 
of cells in row/column, although it seems that n =11 and n=13 squares are best. I have also developed a 
completely new system to develop pair combinations, with my “collateral combinations” series, but 
this would require a separate article. (See figure 8). 

Figure 8 – “13 colours, each once with every other”   2007  (30”x26”) 

I am indebted, for his advice over recent years, to Professor Jeff Dinitz, of the University of Vermont, 
and co-author with Charles Colbourn of “The CRC Handbook of Combinatorial Designs”. Further 
information is available on my website www.raymondbrownell.com.



Sawtooth Spiral #1 

Sawtooth Spiral #2 Fiddleheads 

Another series, including Trefoil and Fractured Light #1 and #2, plays with the visible 
spectrum of light. To begin a fractured light painting the space is divided into rays of 
equal size and concentric circles are marked outward from the center, using protractor 
and compass. Within this grid, I number the segments as a guide in producing the pattern 
of color. This produces a mandala-like design. For Fractured Light #2, a corner of each 
small rectangle serves as the center of a quarter circle. 



To create the luminosity seen in these “fractured light” paintings, I used gouache, an 
opaque watercolor, and a steady hand. Symmetry is an important element of these 
designs, but breaking the symmetry makes the painting dynamic. 

Trefoil Fractured Light #1 

Fractured Light #2 

More of Judith Townsend’s work can be seen at: www.judithktownsend.com 



V: Interfield Geometry/Gridfield Space Period 1992… 

douglas Peden

This installment is an extension of GridField
Geometry (GFG) by the discovery of
InterField Geometry (IFG), as briefly
explained in the April 2007 issue of
Hyperseeing under “GridField Painting.”

The basic idea of IFG is the interweaving of
two parallel wave fields with each other as
compared to the previous CFG (CrossField
Geometry) pattern of two wave fields
crossing each other in a perpendicular
manner analogous to a graph paper grid.
For a more detailed explanation, the April,
2007, issue of Hyperseeing is

recommended. An example of this interweaving effect is illustrated in my painting Flying Figure,
Figure 1.

Other than IFG, this period added some other expressive possibilities and personal anecdotes. For
example, I found that by orienting some of my paintings in more than one direction, I could get a
design pattern that was still expressively acceptable. Also, by changing the orientation, I felt I could
suggest a different story, meaning, or metaphor.

Figure 2: #182: Come Together (1994) 18X89”

As an example, consider my painting Come Together, Figure 2. The painting is composed, as
suggested by the title, with a specific idea in mind. It is designed to be read from left to right,
introducing a vertical series of cells which in successive sections of the painting come together in a
cellularly defined shape in the organge red center section of the piece. This shape is subsequently
transformed into an interconnected group of non cellular curvilinear blue shapes which,
continuing to the right, go through two more transformations and conclude in a clear, whole red

Figure 1: Flying Figure (1994) 12X16”



shape, seemingly “poised” at the entry of a blue color space like the one at the “beginning” of the
work. However, there is no reason this painting couldn’t read from right to left, which would give a
different interpretation. However, the fact that our culture is conditioned to read from left to right
gives us the tendency to do so. Also, the wave pattern and figuration suggests an arrow like,
pointing motion from left to right. In any case, one can imagine many possible meanings, if so
inspired, or perhaps, none at all; but, I would argue that the design and intense color alone implies

something dynamic, if not dramatic, going on in the
piece. Art, at this stage, becomes a puzzle, a mystery. In
other words, such an abstraction, would seem to beg
the question(s) “what?” and/or “Why?”

Now consider the above painting seen oriented as in
Figures 3a and 3b. If you had to choose one of these to
be in the “right” orientation, which would it be. Mine
would be Figure 3a. Briefly, my argument is as follows.
The direction, the arrow like thrust suggested in the
design, in Figure 3a, is upward, expressively giving a
counter pull, or symmetry, to the implied downward
pull of gravity. On the other hand, the composition in
Figure 3b doubles the downward thrust in terms of both
pointing and gravity, giving a weakness at the top — no
counterbalance. Also, the triangular base of blue
imagery at the bottom of Figure 3a gives the piece a
sense of stability lacking in Figure 3b. To me, Figure 3a
has a free up lifting message and symmetry, whereas
Figure 3b has an overall unstable, uncertain, depressing
feeling. My point here is that in the case of this painting
and some others of this period, I have designated
multiple choices, that are acceptable to me, for display
purposes; plus, a certain flexibility if the viewer, over
time, feels more drawn to an alternate choice.

Figure 3a. Figure 3b.



Another experimental approach
taken during this period was
transposing GridField Geometry
to a Polar Geometry format. This
is illustrated in my painting
Aurora, Figure 4. In this piece,
there is a theme/leitmotif, which
may not be so clear as it is “felt”

in the imagery and overall
rhythmic structure.

For the most part, my painting during this period followed the
narrative and musical formats developed earlier. My piece Come
Together would be in the narrative category. My painting Quantum
Dance, Figure 5, has a more musical intention, as indicated in the
title; and, also in its seven cell leitmotif, distributed and varied
throughout the canvas, conforming to various spatial configurations
of the underlying geometry. To my eye, it also seems curiously
evocative of a surrealistic landscape.

Another example of this period is my Symphony #3: The Unresolved,
Figure 6. This piece uses various leitmotifs in a variety of positions
and combinations, configured mostly on an interfield grid; but, with
the inclusion of other grid formats, such as the crossfield format seen
in the three shapes occupying the grey space near the top.

From a more personal, inward point of view, my work during this
period seemed to stress the ascending, morphogenesis of a figure
theme, as was demonstrated in my Symphony # 1: Transcendent
Figure, which was described in some detail in the March April 2008

issue of Hyperseeing. Examples of such pieces during this period include a diptych, Figure 7, where
a symmetrically “stable”figure is shown “rising” from an interplay of much more complex imagery
to the left; and, in the right hand panel, being counter balanced and opposed by the figure created
from the same underlying geometry in the left panel.

Figure 4: #187: Aurora (1995) Semicircle: radius 35.5”

Figure 5: #178: Quantum Dance
(1993) 36X18”
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Figure, which was described in some detail in the March April 2008

issue of Hyperseeing. Examples of such pieces during this period include a diptych, Figure 7, where
a symmetrically “stable”figure is shown “rising” from an interplay of much more complex imagery
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Figure 4: #187: Aurora (1995) Semicircle: radius 35.5”

Figure 5: #178: Quantum Dance
(1993) 36X18”

Figure 6: #204: Symphony #3, The Unresolved (2000) 52.5X61”

Figure 7: #196: Mystic Garden (1996) 24X68”



Figure 8: #202: By The Sea (1998) 24X60”

Another example is my painting By The Sea, Figure 8, where I tried to express nature with a
gridfield interpretation of the rhythms and mood of the sea. In this case, the painting itself is the
theme — the subject alone with no narrative intended. A final example is illustrated in my painting
Transfiguration, Figure 9, a memorial to my deceased wife. The painting is now permanently on
display in the narthex of The Essex Community Church in Essex, New York with an attached
explanation (below) to guide the viewer in its meaning and purpose.

Figure 9: #192: Transfiguration (1995) 32X61”

Transfiguration

The interpretation of any work of art, i.e., “what it means,” must always be left to the individual
who views, listens to, reads, or otherwise experiences it. In a sense, it is the sum, or sharing, of these
individual experiences which approaches the “true meaning” of the work. Still the artist creates
within a tradition and intent, hoping to make an expressive and meaningful statement. Being aware
of that tradition and the intent of the artist can sometimes enrich an individual’s understanding and
appreciation of the work of art; in this light, the following remarks are offered.

Though my painting “Transfiguration” grew out of a specific event, I feel it has many levels of
meaning which touch our shared human experience. It is basically a painting of hope and faith. The
specific event in question is the pain and horror of my wife’s cancer and the hope of a joyful
conclusion, whether it is in the beauty of bodily healing or the painless union with God. In any event,
I saw it as a transfiguration through human suffering and understanding.

The language of the painting is through abstract form and symbol. The painting, as conceived, is a
narrative to be “read” from left to right. At the lower left of the painting, we see an abstract form
leaving a jagged vertical blood red shape. The form represents a life; the saw toothed shape it goes
through and “experiences” represents pain expressed in its jagged, cutting demeanor — perhaps,
the surgeon’s knife. After going through this experience, our life form is seen progressing through
various transformations — squeezed, stretched, etcetera, symbolizing stress and healing. In the
center of the painting, our life form reaches a separation into three stable like forms – perhaps the
realization that we are more than one – possibly the Trinity itself. Our form is subsequently changed
to a leaf green and proceeds, “guided” by sun colored elements, into and through the dark
environment it has avoided until now, to finally empty itself into an infinite green space – curiously,
the same green color it had become after its “enlightenment.” Our form, which endured the rigors
of a physical life, has been replaced by a many colored flower shape – stable, complete, and
confident; indeed, a “death and transfiguration.”

Again, let me stress that this is but one interpretation out of many – such as the pain, death, and
resurrection of Christ or a personal experience of pain, healing, and understanding. It is my hope
that others will see more, different, or deeper meanings. It was simply my intent to express the best
I could, given my “all too human” limitations, the power and the poetry of our human faith and
spirit regardless of our individual religious beliefs.

Douglas D. Peden 1998 — Essex, New York

Concluding Review and Remarks: Through my artistic career my work has evolved from simplicity
to complexity. My early work, in my Organic Period (Hyperseeing, Sept. Oct. ‘07) was more of a
decorative style in that it didn’t lead the viewer’s eye in any particular direction on the canvas or
imply some meaning, i.e., a representation of something beyond itself. It was analogous to music
in the sense of a pleasant sound from a single chord — a sound, represented by the painting’s
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radiating and optically vibrating color bands. The expressive result tended toward a more
meditative, mesmerizing effect in the decorative as compared to my later work which grew into a
more visually involved, complex imagery and intellectual intent. But, even with the added
complexity, I would wager that the first thing to attract most viewers to much of my work is its
“decorative, pretty” quality. Those more formally trained or experienced would perhaps be
attracted to a certain overall geometric consistency and unfamiliar imagery. In any case, it can be a
challenge, particularly in abstract work, for the artist to stimulate the viewer’s interest to look
further for other relationships — to hypersee, if you wish. Indeed, I have heard that Picasso said
that he would introduce the hint of a hand, or equivalent, in some of his Analytic Cubist Period
portraits to get the viewer involved in looking for other clues, i.e., hold viewer’s attention long
enough for further discoveries and interest. My early symbolic landscape work was perhaps my
way of asking the viewer to recognize the symbols of trees, mountains, buildings, etc., and hesitate
long enough to see the rhythmic structure, play of color and shapes. My sister once told me how
her husband would come home from work, mix a martini, sit, relax, and reflect on one of my
paintings; and, in the process, he would continually find new relationships and “meanings.”

I might add, for the more mathematically curious, that the previous crossfield period geometry can
be solved by computer and quickly printed for a decision on what configuration to use in a painting.
This can be done using software formulated by Bob Brill [1]. John Sharp, a mathematician from
Watford, England has also independently solved this problem. However, the Interfield Geometry of
this period can, as of this writing, only be solved to the first interfield generation; beyond this,
further interfield generations have to be drawn by hand to be used and studied [2]. Indeed, my
paintings, because of the inconvenience of their size, are initially sketched in and painted by hand,
cell by cell, with a small brush. This, as one can imagine, is a tedious process where one can’t afford
mistakes, simply because, to do a section over again takes time, patience, and a few creative swear
words.

“Where do we go from here?” As an artist, have I exhausted the possible avenues of discovery —
has my artistic style become saturated to the point of mere repetition? I think not. Stay tuned.

For a review of my previous articles in Hyperseeing, consult issues April ‘07, June ‘07, Sept. Oct. ’07,
Nov. Dec. ’07, Jan. Feb. ’08, and Mar. Apr. ’08.

References

[1] Bob Brill, (2001), Algorithmic Imagery Using E, (Zenagraf: Ann Arbor).

[2] Douglas Peden. (2002) GridField Geometry, Bridges: Mathematical Connections in Art, Music,
and Science, (ed. Reza Sarhangi) Central Plain Book Manufacturing, Winfield, Kansas, pp 117 123.
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carlo Sèquin’s Sculpture Generator 1
Nat friedman 

artmath@albany.edu

Figure 1. Carlo Sèquin, Trefoil Sculpture Models, 2000. 

Sculpture Generator 1 

The  Sculpture Generator 1 (SG1) is a program for computer-designing sculpture created by Professor 
Carlo Sèquin of the Department of Computer Science, University of California, Berkeley. It was 
motivated by the sculptures of Brent Collins that can be seen to relate to Scherk minimal surfaces. I first 
experienced working with SG1 in 1997 at the Art and Mathematics Conference AM97 at the University 
at Albany-SUNY.  I thought it was fantastic then and I think it is fantastic now.

Carlo has been generous in making the program available on-line and the purpose of this short article is 
to present some examples to whet your appetite to try it yourself. A set of sculptures by Carlo Sèquin 
designed with SG1 are the Trefoil Sculpture Models, 2000, shown in Figure 1. These models were 
displayed in the exhibit Art and Mathematics 2000 at Cooper Union College, New York City. 



Design Parameters for SG1. 

The design parameters as they appear in the computer program for SG1 are shown in Figure 2. We will 
later discuss the sculpture corresponding to the particular values of the design parameters in Figure 2. 
The parameters are set with sliders controlled with your mouse. We will discuss each parameter below. 
The image on the screen can be rotated by using the left mouse button and moving the mouse around. 
The image can be made larger or smaller using the right mouse button and moving the mouse forward or 
backward.

Figure 2. Design parameters. 

Examples

We begin with a simple rectangle in Figure 3. The parameters are 1, 1, 5, 0.7, .09, 2.01, 0, 0, 0, 5, 16, 1, 
1, 1. The relevant parameters for the rectangle are the height of 5 and the width of flange of 0.7. The 
background has been set as blue. The rectangle is now given a half-twist by setting the overall axial 
twist to 180° as in Figure 4. 
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Examples

We begin with a simple rectangle in Figure 3. The parameters are 1, 1, 5, 0.7, .09, 2.01, 0, 0, 0, 5, 16, 1, 
1, 1. The relevant parameters for the rectangle are the height of 5 and the width of flange of 0.7. The 
background has been set as blue. The rectangle is now given a half-twist by setting the overall axial 
twist to 180° as in Figure 4. 

Figure 3. Rectangle, height 5, width 0.7 

Figure 4. Overall axial twist of 180° 



The bend towards arch is now increased to 180° to obtain the twisted arch in Figure 5.
In Figure 6 the bend towards arch has been increased to 360° so that the ends join resulting in a 
Mobius band. 

Figure 5. Bend towards arch of 180° 

Figure 6. Mobius band, bend towards arch of 360° 
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Figure 6. Mobius band, bend towards arch of 360° 

In Figure 7 the overall axial twist is increased to 540° to obtain a triple-twist Mobius band. 

Figure 7. Triple-twist Mobius band, overall axial twist of 540° 

Scherk Towers. 

We shall now replace the rectangle by a Scherk tower, which is a tower of saddle surfaces. A tower of 
three saddle surfaces is shown in Figure 8. We say each saddle surface has two saddle branches since 
there are two branches going up and two branches going down. For convenience we will refer to a 
saddle of two branches as a 2-saddle. There are three 2-saddles in the Scherk tower in Figure 8. 

When this Scherk tower is given an overall axial twist of 270° and a bend towards arch of 360°, the ends 
join and the result is the sculpture in Figure 9. Note that the number of “outer holes” is 3 corresponding 
to the 3 saddles. The thickness of vane has also been increased to .15 and the amount of rim buldge
has been increased to 1.5 to give the sculpture more mass. The ends would have also joined with an 
axial twist of 90° , but an axial twist of 270° results in a more interesting sculpture. 

The result of twisting a Scherk tower and bending it to 360° to form a closed circular form is referred to 
as a the toroidal closure of a Scherk tower. This was a break-through idea of Carlo Séquin. The idea of 
forming the toroidal closure of a Scherk tower was motivated by a sculpture of Brent Collins, which can 
also be viewed as the cross-section of a Costa minimal surface. This relates the toroidal closure of a 
Scherk tower and Costa minimal surfaces. The corresponding sculptures are also referred to as Scherk-
Collins sculptures. 



Figure 8. Scherk tower with three 2-saddles 

Figure 9. Toroidal closure of a Scherk tower with three 2-saddles 



One of Carlo’s brilliant ideas was to increase the bend towards arch past 360° so that the Scherk tower 
can be seen passing through itself and then rejoining again at 720°. An example is shown in Figure 10. 
We will refer to this as a double toroidal closure. Carlo also considered triple toroidal closures. 

Figure 10. Double toroidal closure of a Scherk tower with three 2-saddles 

The parameter turn around axis rotates a vertical Sherk tower around its central vertical axis but does 
not change the overall shape of the Scherk tower. However, once the Scherk tower is closed, then the 
turn around axis can dramatically change the shape of the sculpture. Varying the turn around axis results 
in “turning the sculpture inside out” as the parameter varies. In Figure 11 the turn around axis was 
increased from 5° to 60° . 

Also note that the double toroidal closure sculptures in Figures 10 and 11 do not intersect themselves. 
This can be seen by moving the sculptures around using the mouse. 



Figure 11. Double toroidal closure sculpture obtained from Figure 10 
by increasing the turn around axis to 60° 

Monkey Saddles 

We have considered examples with 2-saddles. A 3-branch saddle has three branches upward and three 
branches downward, as shown in Figure 12. A 3-branch saddle is referred to as a 3-saddle or monkey 
saddle.

Figure 12. A 3-saddle or monkey saddle 
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The closure of a Scherk tower with three 3-saddles is shown in Figure 13. The same sculpture is shown 
in Figure 14 slightly rotated. This illustrates the hyperseeing ability of the program just by using the 
mouse to move a sculpture. 

Figure 13. Toroidal closure of a Scherk tower with three 3-saddles.  

Figure 14. Sculpture in Figure 13 slightly rotated. 



The double closure of a Scherk tower with three 3-saddles is shown in Figure 15 against a black 
background.

Figure 15. Double closure of a Scherk tower with three 3-saddles. 

A rotated view of the sculpture in Figure 15 is shown in Figure 16. 

Figure 16. Sculpture in Figure 15 slightly rotated. 

The sculpture corresponding to the parameters in Figure 2 is shown in Figure 17. 



The double closure of a Scherk tower with three 3-saddles is shown in Figure 15 against a black 
background.

Figure 15. Double closure of a Scherk tower with three 3-saddles. 

A rotated view of the sculpture in Figure 15 is shown in Figure 16. 

Figure 16. Sculpture in Figure 15 slightly rotated. 

The sculpture corresponding to the parameters in Figure 2 is shown in Figure 17. 

Figure 17. Figure 2 parameters. 

Arches

An arch corresponds to bend towards arch of 180°. An  example is shown in Figures 18. 

Figure 18. Example of an arch 



Warning

You can get addicted to SG1, leading to eyestrain, overexcitement, and late nights. So you have been 
warned. It is now 4AM and I just have to do one more!! 

Figure 19. One More 

The website for SG1 is http://www.cs.berkeley.edu/~sequin/GEN/
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A toroidal Grotto in Gaudi’s Parc Guell 
Steve Luecking 

Deployed to the right of the grand entry stairs to Barcelona’s Parc Guell is an especially unique 
architectural space from an architect renowned for his unusual spaces. The space, a grotto tucked into the 
embankment of one of the park’s grand terraces, takes the form of a torus whose outer cross-section is an 
ellipse and whose inner cross-section is a hyperbola. 

At the time he was commissioned by the Guell family to design the grounds for a luxury subdivision to be 
developed on the outskirts of Barcelona, Antonio Gaudi had begun experimenting with quadratic curves 
and surfaces. Parc Guell with its myriad of structures – arcades, grottoes, and pavilions – offered him the 
opportunity to test this new library of structures he had developed. Up to then Gaudi was apprehensive 
about his new category of shapes: why he wondered had no one yet exploited these elegant forms in 
architecture? There may be, he reasoned, problems of which he was unaware. 

With Parc Guell as his testing ground, he soon learned that these new forms were both structurally valid 
and resoundingly elegant. 

Gaudi developed his surfaces in a variety of ways, chief among them were his experiments with funicular 
curves and with surfaces of revolution. In the case of the former he hung strings weighted at intervals 
with small bags of shot (?). If the weights were evenly distributed along the length of the line the 
consequent curve was a catenary – the shape of a hanging chain, like that of the St. Louis Arch. If the 
suspended weights distributed at different intervals along the string, but at equal intervals when measured 
on the horizontal, then the string arced as a parabola. Designed, in effect, by gravity, these suspended 
curves, when stiffened into stone or steel and rotated 180°, proved far more efficient than circular arches. 

Left: Funicular curves – parabola and catenary. Weights hung from a line at equal intervals along the horizontal cause it to 
drape into a parabola. If hung at equal intervals along the length of the line the weights cast the line into a catenary. 
Right: A parabolic arch on a gatehouse to Parc Guell.  

Gaudi produced models of rotated surfaces with a plaster lathe. In plaster lathing the model-maker packs 
clumps of thick, wet plaster onto a turntable, such as a potter’s wheel. The plaster turns against a profile 
curve and gradually takes on the rotated shape of the profile. Ruled surfaces like Gaudi’s much-favored 



hyperboloid may be turned against a straightedge set at an angle, off the vertical, to the axis of rotation. 
By varying the angle of the straight edge as well as the top and bottom radii of the hyperboloid, Gaudi 
was able to generate a host of hyperboloids in differing proportions and curvature. He also sometimes 
varied this surface by tilting its end planes, causing it to compress to one side.  

Three hyperboloid surfaces lathed in plaster with a straightedge 

Walking through wrought iron gates, examples of both shape categories are immediately visible. Each 
gatehouse boasts a parabolic arch framing its entry door and immediately opposite is the toroidal grotto. 
Its walls, ceiling and central column complete a surface of revolution as seen from inside. The column, 
therefore, is actually the hole of the torus and seems less a column and more the logical continuation of 
the same surface that defines the walls. Aiding this effect is the fact that grotto comprises the majority of  

Left: Composite elliptical/hyperbolic torus. A section of the grotto’s torus is the composite of an ellipse and a hyperbola. The axis of 
revolution falls through the central hyperboloid (right). 
the torus, so that the plane of the floor is a few feet below the horizontal bisection of the torus. The outer  
wall curves back inward while the “column” flares back outward conveying the sense that the surface 
wraps around to meet beneath the feet. Visitors access the grotto through one of three elliptical arches, 
two smaller side arches and a larger central arch. 

Gaudi’s stylized cave is unique in that it is an entire architectural space formed from a torus. Like all of 
the architect’s work it is mathematically sophisticated, but is by no means merely a display of his 
considerable mathematical expertise. The ambiguity of the central hyperboloid as both column and inner 
wall is key to Gaudi’s architectural expression. Read as a column, the cave seems to be a dome 



converging with its single support; read as an inner wall, the cave re-invents the classical barrel vault by 
having it coil back on itself. The space conveys the feel of a dual embrace, as it curls deep into the 
embankment and as it lofts over and under head and foot.  

The column’s hyperbolic curvature also appears to continue below the floor: a modern rendition of the 
axis mundi. Gaudi’s meanings emerge from deep within history and deep within the human mind. 

Re-curving elliptical archways afford entry to the grotto. 

Gaudi stated that since art was intended for humans it must first be rational, after which the task of 
creativity could begin. Gaudi, who sought his inspiration in nature, could link human rationality and 
nature through the discipline of mathematics. 
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keizo Ushio at Robert Steele Gallery, NYc 
Nat friedman 
artmath@albany.edu

Introduction

Keizo Ushio will be having a one-person exhibit at Robert Steele Gallery, 511 West 25th Street, New 
York, NY 10001, September 4, 2008- October 4, 2008. There will be a reception on Thursday, 
September 6, 2008, 6 pm – 8 pm. Keizo will be showing twenty carved granite sculptures consisting of 
six large, six medium, and eight small sculptures. Additional examples of Keizo Ushio’s works are at 
www2.memenet.or.jp/~keizo/ 

Keizo’s works involve the influence of mathematical forms as in the works of Max Bill, combining form 
and space as in the works of Barbara Hepworth and Henry Moore, and the technical mastery and Zen 
treatment of granite combining the rough and the smooth as in the works of Isamu Noguchi and 
Masayuki Nagare. Keizo’s original concept is to utilize the drill to divide a carved form by drilling a 
sequence of holes at precise angles midway into the granite from each side so that the holes meet in the 
center. Furthermore, Keizo’s personal style involves refining the drill marks resulting from the process 
of dividing the stone. These refined drill marks then become a strong feature of the final sculpture. 
Depending on the shape of the stone and the sequence of drill marks, the divided sculpture will remain 
as a single form or will consist of two interlocked forms, as discussed in [1- 5].   

The Exhibit 

Small Sculptures 

Figure 1. African light green granite,  
21.5 x 15 x  9 inches. 

Figure 2. Swedish black granite,  
12 x 24 x 12 inches. 

NEWS:



Figure 3. Japanese deep green granite, 
18 x 18 x 7 inches. 

Figure 4. African black granite, 
19 x 19 x 9 inches. 

Figure 5. Glass, 19.5 x 7 x 20 inches. Figure 6. Swedish black granite,  
20 x 14.5 x 8 inches. 
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The Exhibit 

Small Sculptures 

Figure 1. African light green granite,  
21.5 x 15 x  9 inches. 

Figure 2. Swedish black granite,  
12 x 24 x 12 inches. 



Figure 7. Japanese black granite,
21 x 15 x 9 inches. 

Figure 8. Japanese black granite,
19 x 19 x 9 inches.

Medium Sculptures 

Figure 9. Japanese white and black granite,  
20 x 28 x 18 inches. 

Figure 10. Nordish black granite
(Emerald pearl),  38.5 x 34.5 x 14 inches. 



Figure 11. Chinese pink granite,
27 x 28 x 14 inches. 

Figure 12. Swedish black granite, 
29 x 26 x 10 inches. 

Figure 13. Nordish black granite (Emerald pearl) ,
33 x 14 x 34 inches. 

Figure 14. African black granite, 
23 x 35 x 15 inches. 



Large Sculptures 

Figure 15. African black granite, 53 x 36 x 39 inches. 

Figure 16. Japanese blue granite, 43.5 x 43 x 34 inches. 



Figure 17. Japanese black granite, 53 x 53 x22 inches. 

Figure 18. Japanese blue granite, 34 x 47 x 20 inches. 

Large Sculptures 

Figure 15. African black granite, 53 x 36 x 39 inches. 

Figure 16. Japanese blue granite, 43.5 x 43 x 34 inches. 



Figure 19. Japanese blue granite, 55 x 55 x 16 inches. 

Figure 20. African black granite, 52 x 16 x 12 inches 
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