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Preface
The International Society of the Arts, Mathematics, and Architecture (ISAMA) was founded 
in 1998 by Nat Friedman, sculptor and professor of mathematics at SUNY Albany, as an 
outgrowth of his series of conferences on Art and Mathematics, held in Albany from 1992 
through 1997, and in Berkeley in 1998. Previous ISAMA conferences were held at University 
of the Basque Country, San Sebastian, Spain in 1999; SUNY-Albany, Albany, New York in 
2000; University of Freiburg, Freiburg, Germany in 2002; University of Granada, Granada, 
Spain in 2003; DePaul University in Chicago, Chicago, Illinois in 2004 and Texas A&M 
University in College Station, Texas in 2007.

The purpose of ISAMA’08 is to provide a forum for the dissemination of new mathematical 
ideas related to the arts and architecture. These inter-disciplinary meetings have always been 
exciting for participants who share information and discuss common interests. We have 
seen that new ideas and partnerships emerge which can enrich interdisciplinary research and 
education in mathematics, art and architecture.

We are pleased to present the Proceedings of the Seventh Interdisciplinary Conference of 
the International Society of the Arts, Mathematics, and Architecture. In response to the call 
for papers, we received 19 submissions. After the refereeing process, we accepted eleven as 
full papers, four as short papers and three as education papers. The proceedings also includes 
papers by six invited speakers. The wide range of topics includes sculpture, painting, drawing 
and architecture.  Conference activities not documented in this volume include workshops as 
well as an exhibit of art and architecture.

We wish to thank all authors and referees, as well as the Universidad Politécnica de Valencia, 
the Generalitat Valenciana and the Instituto de Matemática Pura e Aplicada for their generous 
support. 

It has been a incredible pleasure to organize this event. We sincerely hope that the meeting is 
challenging, exciting and enjoyable.

ISAMA’08 Organizing Committee 
Ergun Akleman (Texas A&M University, College Station, Texas, USA)
Javier Barrallo (The University of the Basque Country, San Sebastian, Spain)
Nathaniel Friedman (SUNY, Albany, NewYork, USA)
Stephen Luecking (Depaul University, Chicago, Illinois, USA))
Joan B. Peiró (Universidad Politécnica de Valencia, Valencia, Spain)  
Alfred Peris (Universidad Politécnica de Valencia, Valencia, Spain)
Vinod Srinivasan (Texas A&M University, College Station, Texas, USA)
John M. Sullivan (Technische Universität Berlin, Berlin, Germany)
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On Mathematical Sculpture 

Charles O. Perry 
20 Shorehaven Road 

Norwalk, CT
coperry@aol.com

Abstract

The four groups of form that my work tends to fall into are Ribbed, Planer, Solid, and 
Topological. I will discuss examples of each.  

Introduction

Mathematical sculpture can range from demonstrating an abstract idea such as topology or solid 
geometry to morphology. It can take on playful forms in construction or demonstrate a notion 
cum theory. It can be built in most any material and employ most any method. Pure form should 
hold sway over simple juxtapositions of texture and color.  

I feel that it should have timelessness about it and almost appear that it has no author. Above all, 
when it is in large scale, it should feel appropriate to its surroundings and its audience.

My work often starts with the question “what if”, or it develops from a pattern, or is constructed 
from an alphabet of simple parts. Random play sometimes gets one started till a clear idea takes 
hold. The work of past and present artists always surrounds and urges us on.

My work tends to fall into four groups of form. They are:  (1) Ribbed ,  (2) Planer , (3) Solid and 
(4) Topological. Examples are shown in Figure 1. 

Ribbed Planer Topological Solid 

Figure 1. Charles Perry, Four groups.

On Mathematical Sculpture 

Charles O. Perry 
20 Shorehaven Road 

Norwalk, CT
coperry@aol.com
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Figure 2. Charles Perry Getting It Together.

1 Ribbed Forms 

Solstice

Geometry is always present in the ribbed pieces even when the sculpture is about topology such 
as Solstice in Figure 3. This piece is devised by rotating an equilateral triangle around a ring for 
two thirds twist. Best described as a "two thirds twist torus Mobius". That is the how. Not the 
what. Not the result, which is a 28-foot stainless steel monumental piece. Here the mystery of the 
Mobius is employed to build an exquisite form both clear and confusing. Both symmetrical and 
not. And translucent in its ribs. You can almost see both sides and almost see what is happening.

Eclipse

Ribbed construction was employed in another large piece Eclipse in Figure 4, which was pure 
solid geometry. In evolving a sculpture for the Hyatt Regency, San Francisco, the place for the 
sculpture was in the huge 22-story lobby. There was a strong need for a focal point which would 
give orientation to the great irregular dark space. An open lacy golden sphere seemed to be 
needed. The 35 foot aluminum piece was created starting with a spherical pentagonal 
dodecahedron in the center. All the pentagons rotated outward, layer on layer, till their apexes 
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met forming an icosadodecahedron at the midway point. The twelve pentagons continued to 
layer outward till their sides became parallel, forming another regular solid. 

Figure 3. Charles Perry, Solstice, 1985, Stainless steel,  28 x 28 ft, Barnett Plaza, Tampa, Fl

Figure 4. Charles Perry, Eclipse, 1973, Aluminum, 
35 ft,  Hyatt Regency Hotel, Embarcadero Center, 
San Francisco, CA 

Figure 5. Charles Perry, Equinox, 1982,
Stainless steel, 45 ft, Lincoln Center, 
Dallas, TX. 
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Equinox

The 45 ft sculpture Equinox in Dallas, TX is shown in Figure 5. This piece is a bit of a maverick 
because it starts out with a cuboctahedron center but each edge of this center figure grows out 
into one or another form, like the trunk of a tree and its branches. This was playing with the idea 
that cells start out with known destinies. In other words, they grow in a variety of forms within 
one order. The sculpture in this case came first and later found a home in an appropriate place. 

2 Planer Forms 
Shell Mace 

The eight planes of the 28-foot aluminum piece Shell Mace combine to form one of the Mace 
series of studies. In this case the work is planer while in others they span the variety of 
expressions of this simple beginning. All the pieces have two opposing semi-circular arcs with 
the variation happening in connecting the two. It is a "what if" game or investigation of how 
simple it can be, how minimal, and so on. Some pieces are in each of the four categories 
mentioned above. 

Turbo

The piece Turbo for General Electric Headquarters in Connecticut, shown in Figure 7, appears as 
a transition from a ribbed type piece to a "Planer" piece, but actually there are no strict divisions. 
As a matter of fact it was not designed to simulate a turbine. GE suggested the name. The 
"Mace" form of the piece is a part of a continuing theme that I often investigate.  In discussions 
with the client they wanted an expression of "dynamic energy".  Thus my original proposal 
became more dynamic with fins describing a spherical void in the center. 

Enigma

Many of the planer pieces are Mobius’. These come from a series of maneuvers with paper 
models starting with simple solid forms and then sliding the faces through each other. It sounds 
like something one would do on the computer but I created these things long before computers 
became available. 

Enigma, shown in Figure 8, is a 20-foot piece in Virginia Beach that was one of the earlier 
sculptures.  In this case the composition consisted of one plane sliding through itself back and 
forth three times till it meets itself to become a "compound" Mobius.  It is difficult to explain but 
if you follow the edge it will circumnavigate the piece six times and come back to the starting 
point.
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Figure 6. Charles Perry, Shell Mace, 1989, 
Aluminum,  28 ft, Shell Oil Co. Ltd., 
Melbourne, Australia

Figure 7. Charles Perry, Turbo, 1974, Steel, 20 ft,  
General Electric Headquarters, Fairfield, CT 

Figure 8. Charles Perry, Enigma, 1980, Steel,  Lynnhaven Beach Mall, Virginia Beach, VA. 
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Broken Symmetry 

Perhaps the most interesting is the simplest form called "Broken Symmetry" at 21 feet shown in 
Figure 9 in front of the University of Indiana, Museum of Art. It is also called "Big Red", as a 
college symbol. This piece slides from two solid triangular end-bases and slowly turns itself 
inside out as it travels to the top of the ring. This also shows how I have devised planer pieces 
starting with solid conic sections.

Figure 9. Charles Perry, Broken Symmetry, 1995, Aluminum, 21 ft,  Indiana University 
Museum of Art, Bloomington, IN.

Solid Forms

S

The steel sculpture S  is shown in Figure 10.  The solid pieces started for the most part from 
conic sections. These were equilateral triangles in section. They were either semicircular or 
quarter circles like S at 25 ft in Sydney, Australia, which has two semicircular pieces and two 
quarter-circles. This simple alphabet of components could be fit together in about 24 positions.  
This six-ton piece was made so that it could be changed on the site. Naturally it never was 
moved.

Arch of Janus 

The granite sculpture Arch of Janus is shown in Figure 11. Granite can be a perfect medium to 
build with for the solid forms. The one opportunity I have had to work in this material was for 
the Seven Bridges Foundation In Greenwich, CT. I built the rendering in Figure 11 of a classic 
Roman arch, my favorite, "the arch of Janus". I believe that this is the only example of a Roman 
arch that is the same on all sides. I think it is because Janus had two faces on his head, one facing 
forward and one facing backward. I was playing with symmetry and coincidently created a 
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Mobius. Actually this could be considered architecture because of the construction of the self-
supporting arches.

Figure 10. Charles Perry, S, 1977, Steel,  MLC Center, 25 ft, Sydney, Australia. 

Bisected Dodecahedron 

Another departure in a solid or massive work is the Bisected Dodecahedron shown in Figure 12, 
which was made for the Spoleto Festival in Italy. The two geometric elements can nestle together 
to form a rhombic dodecahedron. But they can be juxtaposed in a myriad of ways. In Spoleto, 
they were placed in different positions for every day of the festival. I should add that they are 
aluminum and can be moved easily by two people. 

Figure 11. Charles Perry, Arch of Janus, 
1994, Granite, 14 ft,  Seven Bridges 
Foundation, Greenwich, CT

Figure 12. Charles Perry, Bisected Dodecahedron, 
1986,  Aluminum, 24 ft, Eggleston Residence, 
Bedford, NY
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Topological Forms 

Continuum

The bronze pieces are for the most part topological.  The most prominent one is in front of the 
National Air & Space Museum on the Mall in Washington DC. This was designed to be about 
the Universe rather than still another airport sculpture. Rather than being about space travel, it is 
meant to show the flow of stars along the edge of the sculpture from positive to negative, pulsing 
through the Black Hole in the center of the piece. Thus the name Continuum. I couldn't believe 
that the "Big Bang" was the beginning of the Universe but merely a pulse in the continuum of 
universes. In Figure 13 is shown the original plaster sculpture from which molds were made to 
cast the final bronze sculpture shown in Figure 14. 

Figure 13. Charles Perry, 1976, 
Continuum,  Plaster, 16 ft, Perry 
Studio.

Figure 14. Charles Perry, Continuum,
1976, Bronze, 16 ft,   National Air and 
Space Museum, Washington, DC

D2d

Bronze is a wonderful medium with which to make sculpture.  The flexibility of the forms is 
time consuming and the molds and casting are costly. It is best suited for smaller pieces where 
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one might work on variations of a theme like I have with the simple shapes of the "Maces". It 
definitely fills the need to make ageless sculpture. 

The bronze topological piece shown in Figure 15 for Dartmouth College got its name from the 
students. I was surprised during installation when a group of students gathered around gesturing 
with hand signals. They were trying to determine the symmetry of the sculpture as a weekend 
assignment. The answer was D2d. Actually the work started as four circles placed on the faces of 
a tetrahedron. The circles were then interlinked and the spaces between the circles were filled 
with minimal surfaces. This is an example of the "what if' studies. It is a simple form of a 
minimal surface.  The 180° flip of a tetrahedron is inherited by D2d so there is the surprising flip 
as you walk around the sculpture as seen in the two views in Figure 15. 

Figure 15. Charles Perry, Two images of D2d, 1975, Bronze, 10 ft, Dartmouth College, 
Hanover, NH. 

Nespoli

Nespoli, shown in Figure 16, was inspired by the Italian fruit that has a void in the center as does 
this 8 ft sculpture lounging in a large living room in New Canaan, CT.  It is a bit like the 
elephant in the living room but somehow it works.  Certainly it is a tour de force of a non-
aggressive sculpture fitting in a two-storied modern living room. I think of it as a soft play of 
minimal surfaces among calm curves. 

Double Knot 

The sculpture Double Knot is an exceptional piece of work, momentarily my favorite. The 
master was made in my studio. We were in top form and it was perfect. Then the foundry cast 
the pieces and produced the perfect whole form. This sculpture relates directly to the Continuum
concept. It is rare that all things line up to make such a refined piece and have it receive the 
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continual care that it does from the Masco Corp. in Detroit, Michigan  

Figure 16. Charles Perry, Nespoli, 2005, Bronze, 8 ft,
Residence,New Caanan, CT

Figure 17. Charles Perry, Double
Knot, 1991, Bronze, 18 ft, Masco 
Corp., Taylor, MI

Additional sculptures by Charles Perry may be seen at www.charlesperry.com
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Giant Steps by Charles Ginnever 

Nat Friedman 
artmath@albany.edu

Introduction

Hyperseeing is seeing from multiple viewpoints in a general sense [1]. Hyperseeing a sculpture 
is seeing it from multiple viewpoints at multiple levels from worm-eye views to birds-eye views. 
Here I’ll also be interested in hyperseeing a three-dimensional form in multiple positions. A 
sculpture will be defined as a form in a fixed position relative to a horizontal plane (base, 
ground). Two sculptures are congruent if they consist of the same form in different positions. It 
is interesting to note that congruent sculptures can appear completely different. One might never 
guess that they consist of the same form. A hypersculpture is a group of congruent sculptures. 
Thus a hypersculpture consists of the same form in multiple positions. A hypersculpture is a 
more complete presentation of the sculptural possibilities of a form. A hypersculpture allows one 
to hypersee a form as multiple sculptures. A variety of hypersculptures are discussed in [2]. 

The following quote by the Basque sculptor Eduardo Chillida is fundamental when perceiving 
sculpture. ``Only one of the three dimensions is active (the one which comes toward me from far 
to near), but all three must be in power, alternating their activity.’’

Giant Steps 

Giant Steps is a hypersculpture by Charles Ginnever that consists of ten congruent sculptures. 
The name Giant Steps comes from a jazz album by John Coltrane. The ten congruent sculptures 
are shown below, numbered simply 1-10. Different views will be labeled 1A, 1B, etc. The ten 
sculptures are quite different and it is hard to believe they are all congruent. Note that the form 
consists of two four-sided shapes connected in a corner. It is a simple but ingenious form. The 
choice of dimensions and angles give Giant Steps its sculptural richness.

Giant Steps was first discussed as four congruent sculptures in [2]. A brief presentation of the ten 
congruent sculptures appeared in [3], with two views of each sculpture. I first discussed Giant 
Steps in detail in [4], with one view of each sculpture. Here I will present multiple views of each 
of the ten sculptures with detailed remarks. Each sculpture will be discussed individually and 
relationships between the different sculptures will also be discussed. Thus we will hypersee each 
sculpture as well as hypersee the form as a hypersculpture. 

Giant Steps 1 

We begin with the view Giant Steps 1A. In Giant Steps 1A, the sculpture rests on a flat surface 
and the front lower surface is actively directed at you. The volume of space enclosed by the front 
four sides is cantilevered forward to the right. The rear upper left edge is directed back left 

Giant Steps by Charles Ginnever 

Nat Friedman 
artmath@albany.edu
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balancing the cantilevered front. Note that the angle between the two sides forming this rear 
upper left edge is acute so the profile of these intersecting edges is a V-shape. The front top edge 
and left lower edge also correspond to V-shapes. These are like arrows directed in various 
directions balancing each other, which relates to Chillida’s quote. The sculpture is active in these 
directions.

Giant Steps 1A Giant Steps 1B 

In Giant Steps 1B, emphasis is placed on the front cantilevered volume coming directly at you. 
The front lower surface has a strong presence. The rear left V-shape is directed more to the back 
then in Giant Steps 1A. The cantilevered effect is also more pronounced here. 

In Giant Steps 1C, it is the lower front V-shape that is coming directly at you. The upper left V-
shape is directed strongly left. The cantilevered effect is less here. 

Giant Steps 1C Giant Steps 1D 

Giant Steps 1D has a figurative feeling looking right, with the left upper head and body volume 
twisted to the right in a contra-body position. This is balanced on the right by the strong V-shape 
now directed back and to the right, in contrast to views 1A, 1B, and 1C.
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Giant Steps 2 

Giant Steps 2A is obtained by essentially turning Giant Steps 1A over, so that the inner edges of 
the front and right surfaces of the cantilevered volume of Giant Steps 1 become the two 
supporting edges of Giant Steps 2. The sculpture has a winged shape. The V-shapes of the wings 
project left and right. The lower center front edge comes forward from the back. The 
corresponding surface, which is the left surface of the cantilevered volume that is coming 
forward from the intersection in Giant Steps 1A, is the surface to pay attention to when seeing 
how one position changes into another position. The inactive flat supporting surface in Giant 
Steps 1 is now the active left upper wing in Giant Steps 2A.

Giant Steps 2B is the view opposite of the view of Giant Steps 2A. Here the lower front vertical 
surface projects forward in front of the upper wing shapes in contrast to Giant Steps 2A. 

Giant Steps 2C is the view of Giant Steps 2A from the left or Giant Steps 2B from the right. The 
upper front V-shape is very active coming directly at you. The upper volume is now seen as 
slightly cantilevered to the right and balanced by the lower volume. 

Giant Steps 2A Giant Steps 2B 

Giant Steps 2C 
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Giant Steps 3 

Giant Steps 3A was obtained by tipping the right side of Giant Steps 2A down on a corner and 
slightly back onto the rear edge. Giant Steps 3A has a strong figurative feeling thrusting left. The 
active upper left surface projects strongly active. The lower edge of this surface was the forward 
supporting edge of Giant Steps 2A, which was inactive in Giant Steps 2A. Giant Steps 3B is a 
view of Giant Steps 3A from the lower left. The central intersection of four surfaces is dominant. 

Giant Steps 3A Giant Steps 3B 

Giant Steps 4 

Giant Steps 4A is obtained by tipping the left side of Giant Steps 3A onto the surface that was 
the vertical left surface in Giant Steps 3A. The lower right edge in Giant Steps 3A is now the 
upper right edge in Giant Steps 4A. The sculpture is in a more vertical position and has the 
feeling of a standing figure. The central V-shape is projected strongly forward. The thrust of the 
upper right V-shape and the thrust of the diagonally left lower V-shape balance each other.

Giant Steps 4B is the view opposite of the view of Giant Steps 4A. The lower four-sided shape is 
not as active and the upper four-sided shape is dominant. 

Giant Steps 4A Giant Steps 4B 
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Giant Steps 5 

Giant Steps 5A is obtained by tipping over the left side of Giant Steps 4A so that the left edge of 
the active front surface in Giant Steps 4A becomes the front supporting edge in Giant Steps 5A 
and the surface is now inactive. The other supporting edge of Giant Steps 5A was the lower edge 
of the lower rear surface of Giant Steps 4A. The two volumes formed by each of the pairs of four 
sides dominate the view. The volume on the left is directed forward and the volume on the right 
is directed to the right. Giant Steps 5B is a view of Giant Steps 5A from the right, where the rear 
volume is seen through the front volume. 

Giant Steps 5A Giant Steps 5B 

Giant Steps 6 

Giant Steps 6A is obtained by tipping over Giant Steps 2A to the right so that it rests on three 
corners. It has a figurative feeling of crouching left. The various V-shapes seem to dominate the 
view. The two inactive lower left supporting surfaces of Giant Steps 2A now become active on 
the left of Giant Steps 6A. The left wing of Giant Steps 2A now projects strongly upward in 
Giant Steps 6A, while the right wing is less active projecting downward. Giant Steps 6B is the 
rear view of Giant Steps 6A. 

Giant Steps 6A Giant Steps 6B 
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Giant Steps 6B can also be seen as Giant Steps 2B tipped over to the left. The right wing in Giant 
Steps 2B is the upper front surface in Giant Steps 6B. The left wing is now the front lower left 
surface in Giant Steps 6B and is not as active. 

Giant Steps 7 

Giant Steps 7A is obtained by tipping Giant Steps 5A backward onto the rear lower surface of 
Giant Steps 5A. The inactive lower front surface of Giant Steps 5A now becomes the active front 
surface in Giant Steps 7A. The lower rear volume is projected forward. The upper volume is 
cantilevered forward and projects upward. The lower left V-shape and diagonally upper right V-
shape balance each other. 

Giant Steps 7A Giant Steps 7B 

The cantilevered effect can be seen more clearly in Giant Steps 7B, which is the view of Giant 
Steps 7A from the right. The left upper V-shape in Giant Steps 7B is directed strongly to the left 
and emphasizes how the left lower volume balances the right upper cantilevered volume. 

Giant Steps 8 

Giant Steps 8A is obtained by tipping Giant Steps 7A over to the right so that it rests on the 
corner that was upper right in Giant Steps 7A. Giant Steps 8A is also resting on the right edge of 
the resting surface of Giant Steps 7A. Giant Steps 8A has the feeling of a reclining figure.  
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Giant Steps 8A 
The front surface is projected strongly forward. The corresponding front volume that rests on a 
corner is cantilevered forward and is balanced by the rear volume that rests on an edge. Giant 
Steps 8B is the view of Giant Steps 8A from the opposite side. The upper V-shape is directed 
strongly forward and dominates this view. Giant Steps 8C is a view of Giant Steps 8B slightly 
from the left and strongly emphasizes the active thrust of the upper V-shape. 

Giant Steps 8B Giant Steps 8C 

Giant Steps 9 

Giant Steps 9A is obtained by tipping Giant Steps 8A forward so it rests on the front lower 
surface of Giant Steps 8A. The supporting rear corner of Giant Steps 9A was the left end of the 
supporting edge of Giant Steps 8A. In Giant Steps 9A, the front volume rests on a surface and 
the rear volume is supported on a point. Giant Steps 9B is the view from the opposite side of 
Giant Steps 9A. 

Giant Steps 9A Giant Steps 9B 
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Giant Steps 10 

Giant Steps 10 is obtained by turning Giant Steps 2 completely over so that the top part of Giant 
Steps 2 is the bottom part of Giant Steps 10.  The model and a full-size sculpture are shown in 
Giant Steps 10A. Another view of the full size sculpture is shown in Giant Steps 10B, with Pau 
Atela. The height of the sculpture is about fifteen feet. 

Giant Steps 10A Giant Steps 10B 

Summary

The above ten sculptures convey the rich variety of sculptural possibilities of Giant Steps. It is 
interesting to see how the component edges, surfaces, and volumes change between active and 
inactive as the position of the form changes. The ten congruent sculptures are abstract 
compositions described in terms of these components. Giant Steps 3, 4, 6, and 8 have a figurative 
aspect as well.

References 

[1] Nat Friedman, Hyperseeing, Hyperseeing, September, 2006, www.isama.org/hyperseeing/

[2] Nat Friedman, Hypersculptures, Hyperseeing, May, 2007, www.isama.org/hyperseeing/

[3] Nat Friedman, Charles Ginnever: Giant Steps, Hyperseeing, Jan/Feb, 2008, 
www.isama.org/hyperseeing/

[4] Nat Friedman, Hyperseeing and Hypersculptures: Giant Steps by Charles Ginnever,
Proceedings of Gathering for Gardner, G4G8, 2008. 

ISAMA 2008 - Valencia

28



Waves of Concrete 

Javier Barrallo, Ángel Fernández, Luis Martín 
The University of the Basque Country 

E.T.S. Arquitectura. Plaza Oñati, 2 
20018 San Sebastián. Spain 

Abstract 

Eduardo Torroja, Felix Candela and Miguel Fisac were part of a generation of structural architect-engineers who 
pushed the use of reinforced concrete to the limit. Creators of structures of extraordinary efficiency and lightness, 
they used continuous ruled surfaces with a unique talent and imagination. Their works were not only functional, but 
from them emanated magic and poetry: sublime curves… waves of concrete. Buildings that seemed to be living 
creatures formed one of the most passionate moments of twentieth century architecture.

Antonio Gaudí, the precursor 

Antonio Gaudi (Reus 1852 - Barcelona 1926) was the author of a very personal style based on observing 
the shapes of nature. He possessed a special ability to model and analyze volumes as well as a huge 
imagination to develop geometric models, especially ruled surfaces like hyperbolic paraboloids, 
hyperboloids, helicoids and conoids. 

He studied in depth the geometry of nature’s organic forms and managed to find an architectural language 
to express similar forms in his works. Gaudi found in nature the geometry that characterized his 
architecture; he used to say that there is no better structure than a tree trunk or a human skeleton.  

Gaudi’s tremendous ability to visualize space allowed him to mentally project his works. In fact, he rarely 
carried out detailed plans of his buildings since the complexity of its architecture required its re-creation 
with three-dimensional models. Instead, he defined the details of the project mentally as it was in 
progress. No architect of his time can be compared to Antonio Gaudi. His rich personality and intense 
work make him one of the most important figures of world architecture. It will take nearly 100 years to 
see buildings with a similar geometric richness to that embodied by this great architect. 

Waves of Concrete 

Javier Barrallo, Ángel Fernández, Luis Martín 
The University of the Basque Country 

E.T.S. Arquitectura. Plaza Oñati, 2 
20018 San Sebastián. Spain 

Abstract 
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Figure 1: On the left, Casa Milá, Barcelona 1910, by Antoni Gaudí. On the right Guggenheim Bilbao 
Museum (1997) by Frank Gehry. Stone and titanium curves separated by one century.

   

Figure 2: On the left, Escuelas de la Sagrada Familia (1909). On the right, Bodegas Ysios, Laguardia, 
(2001). Calatrava uses in the impressive winery Bodegas Ysios the same geometry based on conoids that 

Gaudí used on his small School at the Sagrada Familia in Barcelona 

Waves of Concrete 

After the death of Antonio Gaudi, three Spanish architect-engineers revolutionized the world of 
reinforced concrete and its structural analysis. Hyperbolic paraboloids and hyperboloids were converted 
into geometric shapes of extraordinary effectiveness reaching the highest level of innovation, 
transcending the merely functional aspect. 

The main feature of its architecture was the use of continuous surfaces made as lightly as possible. For all 
of them there is the conviction that the architect must be a poet and that the structure is due to the form 
rather than the material used. They succeed on intuiting the extreme possibilities of concrete contributing 
to one of the most exciting moments of expressive architecture of the twentieth century. 

Unfortunately the deep crater that the Spanish Civil War and subsequent dictatorship provoked in that 
generation of architects prevented them from receiving international recognition for decades. But 
subsequent generations will adapt their creative fundamentals, featuring the name of Santiago Calatrava 
as a privileged disciple to construct new "waves of concrete". 
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Eduardo Torroja  (Madrid, 1899 – Madrid, 1961)

Eduardo Torroja was the civil engineer son of the famous Spanish architect and mathematician with the 
same name. Eduardo Torroja was strongly influenced by his father in the mathematical rigor of 
architecture, as with the relationship of structures with ruled surfaces. Simultaneously Gaudi performed 
the first practical work of this type of architecture in the crypt of the Church of the Colonia Güell. After 
the death of his father, Eduardo Torroja was recognized globally and compared with the great men of the 
Renaissance in American technical publications. Frank Lloyd Wright said about him “Torroja has 
expressed the principles of organic construction better than any other engineer.” 

Since then, Eduardo Torroja began to stand out with his innovative spirit. It was said the most important 
quality of his works was that they were alive. His research and investment on the behavior of materials, 
especially prestressed reinforced concrete, and the methods of structural analysis he developed are 
internationally recognized, and are still the subject of publications, conferences and studies in many parts 
of the world. Torroja's exploration of reinforced concrete was characterized by the use of continuous 
surfaces, made as lightly as possible and with a proper sense of elasticity. According to his words: “The 
best structure is the one that is held by its shape and not by the hidden resistance of its material.” 

Eduardo Torroja left samples of his work in America, Europe and North Africa, estimated at more than 
800 projects produced, including viaducts, channels, civil buildings, religious buildings, hangars, 
industrial structures, etc. 

Figure 3: Zarzuela Hippodrome (Eduardo Torroja, 1935). The amazing tribunes made with hyperboloids 
have a span of 12,40 metres. This structure is object of continuous study and a paradigm of the delicate 

equilibrium between form and function. 
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Among his more visionary works are the Zarzuela hippodrome, the Pelota court Recoletos, the Fedaya 
water deposit and especially the market of Algeciras, inaugurated in 1935. It consists of a spherical cap-
shaped dome inscribed in an octagonal frame supported on eight pillars. The diameter of the dome is 47.8 
meters and the radius of curvature is 44.10 meters with only 9 centimeters thick. In its time it was a work 
of avant-garde, which used materials like concrete and iron to raise the dome without beams and interior 
support. It was a feat for the architecture of the epoch. As a curiosity we note that Saint Peter's dome in 
Rome needs a thickness of 3.70 meters to cover a space of 42.52 meters. 

   

Figure 4: Pelota Court Recoletos (Eduardo Torroja, 1935). The original solution found for the roof 
consisted of two barrel vaults traced by two asymmetrical circular arcs perpendicularly cut.

Figure 5: Water Deposit in Fedala (Eduardo Torroja, 1956). Project, scale model and real structure 
calculated with the geometry of a hyperboloid of equation  (x2 +y2 )/ 85.0084 − z2 / 34.5128 = 1.

    

Figure 6: Formwork and concrete application during the construction works of the market of Algeciras 
(Eduardo Torroja, 1935). 
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Figure 7: Computer model of the market of Algeciras. The spherical cap is crossed by four cylinders that 
reinforce the edges of the structure and create an octagonal plan. 

Félix Candela  (Madrid, 1910 – Durham, 1997) 

He inherited from his teacher Eduardo Torroja, some of the basics of his work: the idea that the engineer 
must be a poet, the conviction that the structure depends on the form rather than the material used. His 
greatest contribution to the structural field are the shell structures generated from hyperbolic paraboloids, 
a geometric shape of extraordinary effectiveness that has become the hallmark of his architecture. 

Félix Candela was a great expert on structures, but never completed an architectural work. He did not put 
doors or windows, or culminated other constructive details. His structures were carried out by intuition, 
not by strict mathematical calculations, and this is the reason why it was sometimes repudiated by both 
architects and engineers. 

In 1936, he obtained a scholarship to study in Germany, but at the time the Spanish Civil War began and 
Candela was named captain of engineers on the Republican side. He was held four months in a French 
concentration camp while awaiting asylum as a war refugee. Mexico hosted him in 1939. There, in 1950, 
he founded the company Cubiertas Ala, which lasted until 1976, even though Candela left it in 1969. The 
construction company enjoyed remarkable growth for twenty years, culminating in the building of the 
Palacio de los Deportes in connection with the 1968 Olympic Games in Mexico. 

   

Figure 8: Open Chapel in Lomas de Cuernavaca (Felix Candela, 1958). The formwork clearly shows the 
hyperbolic paraboloid as a ruled surface. 

Cubiertas Ala developed 1439 projects and 896 of them were built. A lot of these works were raised on 
the basis of crossed vaulting composed of hyperbolic paraboloids, or a single concrete sheet with 
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hyperbolic paraboloid shape with edges constrained by arches such as the Church of Lomas de 
Cuernavaca. 

Felix Candela moved to Chicago and worked as a full-time professor at the Illinois University, a task he 
continued until 1978. He didn’t neglect his business; he was associated with a U.S. firm based in Toronto.  

He signed a large number of projects, almost all very ambitious. One of the last one in which he 
participated before his death was the City of Arts and Science in Valencia, which included a large 
oceanographic park in whose construction also collaborated the famous architect Santiago Calatrava. 
During his stay in Valencia, Félix Candela suffered from heart disease that forced him to return to 
Durham, North Carolina, where he died in December 1997. 

    

  

        

Figure 9: L’Oceanografic in Valencia under construction, (Santiago Calatrava - Felix Candela, 2002). 
The vaults are formed by rotated hyperbolic paraboloids of equation  y2/100 − x2/4.6792 = z−6. Each 

hyperbolic paraboloid is cut by four planes. The buildings are inspired on Restaurant Los Manantiales 
(Xochimilco, 1953); a former project of Felix Candela developed during his Mexican period. 
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Miguel Fisac  (Daimiel, 1913 – Madrid, 2006)

In Miguel Fisac's buildings, beauty was a consequence of a daring inventiveness at finding appropriate 
and ingenious solutions. He was a great defender of prefabrication and mass production and an introducer 
of prestressed and post-tensioned concrete in Spain. His job was that of an artist of architecture, who 
invented and experienced new sections for the concrete beams applied into his works. He explored the 
expressive possibilities of using flexible plastic concrete forms and shaped concrete to give his structures 
the lightness of cloth. 

      

Figure 10: Miguel Fisac’s “beams-bones”. Inspired on real bones (top left) they integrate lightweight 
structures with beautiful designs.

During the sixties, Miguel Fisac had his most fertile years with the invention of his "bones" of concrete, 
very light beams with sculptural sections and organic appearance with which he executed most of his 
works. The material used is prestressed concrete with the form of hollow pieces resembling bones that 
fulfill the requirements of both great lightness and strength. He then started a productive experimental 
relationship with his "beams-bone," prefabricated pieces that managed to solve the problem of saving big 
spans, control the zenith lighting and evacuate rainwater. 

      

Figure 11: Mathematical model (left), inauguration (centre) and destruction (right) of Laboratorios 
Jorba in Madrid (Miguel Fisac, 1965). The architect was asked by the owners to build a singular and 
eye-catching building that people later surnamed as “Pagoda”. Although it was a symbol of the new 

Spanish architecture it was demolished in 1999 due to a speculative real-estate operation.
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Figure 12: The amazing design of Laboratorios Jorba is based on a hyperbolic paraboloid of equation      
x (0.1249 − 0.0244 z) − (0.0808 + 0.0589 y − 0.0539 z) z = 1.  This shape is rotated ± 45º along the Z 
axis four times on each direction, generating eight hyperbolic paraboloids between each two floors to 

sum a total of forty eight in the building.

Fisac began experiments with his concrete bones, which he employed as beams, lattices or pergolas in 
countless projects, featuring the spectacular nave of the Centre for Hydrographic Studies, the Parish of 
Santa Ana and the IBM building, all of them in Madrid. This group of masterpieces portray the technical 
and social optimism of the Spanish development during that period. From these years is also the Jorba 
laboratories tower, built with concrete hyperbolic paraboloids and popularly known as “the pagoda.” Its 
demolition in 1999, under the astonished look of Miguel Fisac, started a heated debate amount the 
citizenry which changed the course of architecture in Spain. 

In the last period of Miguel Fisac's work his flexible forms gave concrete a fluffy appearance in a 
technical and aesthetic adventure that connects with the techniques and tactile concerns of the latest 
generations of architects. Fisac juxtaposes forms and deconstructs buildings, segregating then in irregular 
elements with a newly-formed minimalist expression. Precursor of future trends and researcher of 
innovative solutions, through his legacy, the inquisitive, demanding and lucid spirit of Miguel Fisac will 
obstinately continue with us. 

Figure 13: The virtuosity of Miguel Fisac is manifested in the design of his “bone-beams”, able to cover 
huge spans with a minimalist beauty, like in Garvey wineries in Jerez (left), the beautiful inner space of 

the School de la Asunción in Madrid (centre) and the expressive possibilities of concrete using his flexible 
plastic formwork in Casa Pascual de Juan in Madrid (right). 
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The work of Miguel Fisac always had a heroic character, fighting against routine, ignorance and 
preconceived or borrowed ideas. He always maintained his dignity and his fighting spirit and a deep 
passion for architecture. 

      

Figure 14: Who copied whom? From left to right: Caja de Ahorros del Mediterraneo in Alicante (Miguel 
Fisac), Omotesando in Tokio (MVRDV Architects), Casa de la Cultura in Cuenca (Miguel Fisac) and 

Wozoco’s Apartment in Amsterdam (MVRDV Architects) 
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In the Greek Apeiron Anaximander of Miletus  
invokes an undefined and unlimited, abstract space
that would not be a smooth space but  
rather a place woven together of inextricable places...  
Simplicius, Phys. 24, 13-25  
545-610 BC

Abstract

Over the last few years, in an intermittent and continuous itinerary, Ferrater’s architecture studio (OAB) has developed new ways 
of formal expression; a set of designs that configure a family of autonomous experiments in a design approach with a single 
logic: geometry as a way of approaching landscape and urban form. These projects have enabled our studio to perform a 
theoretical background from a practical procedure. 

The following text is included in the book published by ACTAR: "Synchornizing Geometry, Landscape, Architecture and 
Construction", Barcelona 2006  

The praxis and theory of project design 
Modern architecture was a hedonistic movement; abstraction, rigor and severity were no more than kinds 
of artifice that led to the creation of the most provocative description of the experience of modern life. 
Today it is possible to employ this conception by adapting it to contemporary conditions. In the presence 
of a globalized economy, the extraordinary zenith of the media and the complexity of computer 
networking, abstraction, rigor and severity will once again become the ones that will lead us to create the 
most provocative description of contemporary experience. 

The phenomenon of the late-capitalist city is set within a model that demands the profound adjustment of 
the primary and secondary sectors of the economy. Extensive and strategic areas of land will have to be 
reconsidered and updated, in the city as well as its periphery. The emergence of peri-urban spaces, neither 
rural nor urban, has introduced new parameters in landscape architecture, converting it into the setting for 
new projects.

Today, the multiplicity of the landscape (understood in all its forms: urban, degraded or virgin) combined 
with the complexity of new cities, enables us to establish new areas of experimentation. The tremendous 
capacity of computers (understood as an extension of the hand, an extended arm if you will) helps us 
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explore their possibilities. Computers are not only understood as machines that facilitate the production of 
design documents, but as an instrumental extension of thought and of geometric and spatial generation. 

When designing, in the moment that we are confronted with a blank sheet of paper, we must face the 
contradiction inherent in any creative act: between understanding each work as a new experience, the 
rejection of reformulating the known, and the ongoing process of the architect’s own design approach and 
technique. By understanding learned experience as a consideration that would lead to the reformulation 
of an earlier project (one contrary to the necessity of restarting a new project) each new experience 
implies a certain internal violence as well as an intellectual risk. 

The formulation of a theoretical corpus selected from the practice of project design. The initial stages 
undergo a revision of intentions, the first intuition is confronted with reality via an empirical process, the 
instrumental and procedural aspects acquire enormous relevance, helping to form a theory of design. In
the face of each new experience (when the discipline acquired is insufficient) the set of available 
instruments will have to be revised and when appropriate, the search for new tools will have to 
commence. Sometimes there occur small discoveries. Sometimes these discoveries help to facilitate 
design technique; with them, you begin again the search for other systems of spatial organization and 
formal expression.  

Transversality 
Overwhelmed by the multiple inter-mediation of promoters, developers and all kinds of agents (who 
appear in the processes of design and construction) the architect must rethink the strategies and 
mechanisms of control, arming a project against external incidents. In the face of such interference, the 
conference of a hermetic character to the project and the simultaneous endowment of flexibility allows 
the project to adapt to the real assets of the site, program or economy. The initial assumption of a strong 
geometry (one capable of generating an intrinsic order to the project) will render the intrusion of outside 
and alien factors difficult or impossible, thus producing a sort of armament.

The project’s fragile beginnings, during the early stages of its configuration, require that it be protected 
from the administration, execution and implementation that involve noisy apparati that are often 
completely at odds with the architecture. 

The transversality and intersection of disciplines produced in our work today, may be the motor of 
collective labor –the architecture studio or the classroom understood as a laboratory of formal 
experimentation where methodology becomes procedure. A hybrid, dynamic and flexible architecture 
studio will enable the admission of specialists to be seamless, their participation included in an overall 
whole, allowing the subsequent extension of design teams to continue into the construction stage. Here, 
information, agreement and negotiation are more direct and viable. Additionally, the utilization of non-
hierarchical geometries will enable the development of teamwork to be socialized.

Deformability
It is in this territory where artifice will help construct an intrinsic order that can support the naturalness of 
a place or landscape. Contrasting the initial ideas of a project with a geometrical premise will help us 
recognize the place and pick out its hidden needs, forcing its authentic condition to surface. The project 
thus begins in the absence of scale; the future of building and construction will help the true scale of the 
intervention to be found. Afterwards, the geometry will gradually be adapted, softened or deformed by 
building operations and the demands of the program, to the point of occasionally becoming imperceptible.

The initial mathematical and geometrical premises that involve a certain inflexibility or rigidity will be 
adjusted to the conditions of the project, thus generating an intimate rapport between geometry and 
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actuality that is more in tune with the needs of the intervention and the site. For this reason, the idea of 
deformability is implicit or inherent in the geometrical ground plan (from the beginning of the process) 
and accordingly, the constructional mechanisms and their implementation must be flexible and adaptable 
to the geometries which make them necessary (feedback). Simultaneously, the experimentation of new 
forms of representation, for making these geometries transmissible, is implicit. 

This domain is the area to explore the ability to adapt to landscape: geometrical mechanisms, weaves, 
nets, plaited forms or folds constitute the “standard” that structures/disrupts the ground of the 
intervention. Occasionally a viewfinder permitting the zooming in and out of different scales and layers of 
information/formation of the ideas within a single geometrical and constructional logic. Not the 
elementary geometry of pure solids, boxes and volumes, this is another geometry that enables us to 
intervene on the stereometry, to work within the intersections and articulations, and to imagine how light 
interacts with them.

The architect’s work lies, then, in the act of moving from geometry to space.  

The strategy of the spiral 
The incipient, likely aleatory, decisions are acknowledged and take on meaning by being subjected to or 
confronted by the geometry. The casual and more arbitrary aspects of the procedure will prolong some 
design decisions in time, thus avoiding the fossilization of earlier ideas. Moreover, the disorder and chaos 
that occur during the first stages of the project (when coherence/contradiction unleash and shut down 
means of expression) geometry will help correct the certainties of the primary enunciation, transcending 
synergies and contradictions, impulses and rebuffs, and place real need face to face with creative 
ambition. 

The process of project development is subject to constant revision, marked by the existence of some 
structuring nodes: identification of the location; the suitability of the scales of work; and the structuring of 
autocriticism. The projects are undertaken wholly; we aspire to elaborate the statement of the project (that 
may represent ‘the project of the project’) by utilizing a spiral strategy so as to avoid the premature 
solidification of the initiatory ideas and proposals. In this way we proceed from the abstraction of the 
first idea towards concretion and physicality.

Hence, our approach and theories of design reject more figurative expressions and instead, the demand 
the profound exploration of the syntactic aspects of architecture as an increasingly abstract expression of 
language.

Exploring, relating and activating

Since 1989, some of our projects have been the setting for experimentation with these geometrical 
mechanisms. We have pushed to reach the point of configuring a group or family of autonomous, but 
linked, experiences in the single logic of a design approach.  

At times the interdisciplinary character and complexity of the location has made it nearly impossible to 
articulate a coherent project design rooted in the actual site. On other occasions, the impossibility of 
building on a pronounced gradient, the absence of instrumental discipline to tackle more illusory design 
concepts, or the speculative condition of a border location between two situations have further 
complicated the design process. Moreover, the encounter with projects of enormous size, with undefined 
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locations or rural landscapes of great fragility, have demanded the nearly impossible resolution between 
the design of urban situations and their cultural context, a undeniable legacy that cannot be ignored. In 
these instances the labor of the architect in the early stages has proved to be inscrutable.  

It is at the moment when the learned discipline reveals itself to be insufficient (the concomitant set of 
acquired instruments overly limited) that the initial geometrical proposition offers mechanisms better 
able to explore the project, initiating the responses of the site and the program.  

This research project facilitates conclusions already advanced in the pages above, conclusions that will 
gradually become apparent in the course of this piece of work. But in no instance do we consider this a 
finished work –its intrinsic experimental condition demands that our process must accommodate the 
continual and ongoing exploration and investigation of new situations, programs and locations.  

Transmissibility
By framing our design approach in this way, we produce an intellectual work somewhere between the 
studio and the classroom, between the practical and the academic, the real and the conceptual, a territory 
in which the decanting of information and bits of knowledge through experimentation and documentation 
facilitates learning and enables the transmission of this bilateral exchange. On many occasions the 
design approach of several students are augmented via discussion and debate in the workshop, a 
derivative of the instrumentalization of geometries.  

And this approximation is produced to a large extent when concrete formulations or applied 
methodologies do not exist, the work evolving in an area of abstract ideas and concepts and produced via 
the exploration of situations and realities created through geometrical mechanisms and systems capable of 
adaptation and adjustment.  

With time, these geometrical explorations have been enriched, passing from plan form to space, acquiring 
three-dimensionality and leading not only to manipulation in open space but to experimentation with 
intermediary interior/exterior spaces, finally attaining a value of depth and reaching the point of 
constructing landscape, outer skins and interior space as an unified whole.

Metamorphosis
Why does the field of art espouse an irreparable desire to perform a tabula rasa? The belligerent razing of 
precedent and the dismissal of its validity as mistaken is hardly productive. It seems an impossibility to 
understand an art object without a preceding understanding of its context, both past and present. Perhaps 
the critical discourse accompanying art is the only one that enables its continued evolution. 

While the architectural design process may not include a “discovery,” we posit that a compelling 
architectural project involves a transformation towards something hitherto unknown. Maybe the 
architect’s mission would be that of acting as a medium: mediating between the needs of the client, the 
program, the occupant, the social organization, and the possibilities of the location, the landscape, the 
urban form, the interior/exterior relation, and so forth.  

Each situation calls for a different transformation in which the initial idea of project design, at times 
arbitrary or aleatory, and the product of the subconscious or of intuition, will be the starting point and the 
end result of the architectonic process.  

Architectures that use complex topological and stereometric geometries, those capable of adaption and 
deformation in accordance with the demands of site, program or economy, remain self-contained vis-à-
vis external interferences alien to the architectonic process and allow the exploration of the hidden 
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conditions imbedded in the cultural heritage of a natural, urban landscape. In process of transforming 
geometry to space, by means of construction, the forms of a new, atemporal landscape will emerge.  
In the presence of the disconcerting and exciting aspects of architecture’s current situation, we need the 
silent, rigorous work of professional studios and teaching structures in which, through theoretical 
abstraction and the praxis of project design, we might investigate and move deeper into the reason of 
construction and the social origin of the work of architecture, where geometry repeatedly arrives at its 
synchronicity in the splendid and violent side of reality.

Figure 1 The City of Benidorm's Sunset Waterfront Promenade (model image - nowadays under construction), 
Carlos Ferrater & Xavier Martí Galí (OAB) / Beach Waves 
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Geometry in Time 
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Ce qui est le meilleur dans le nouveau  
est ce qui répond à un désir ancien. 

Paul Valéry 

Abstract

This investigation is set within the second and last decades of the 20th century, the background consisting of those artists, engineers and 
architects, who on the basis of their experimentation, have had a geometrical premise as a tool of spatial and formal exploration. The 
project processes studied as ideographic references constitute a referential set of work and research that on some occasions has initiated 
our direction of procedure and the approximation of certain projects developed in our professional studio (OAB) 

The following text is included in the book published by ACTAR: "Synchornizing Geometry, Landscape, Architecture and 
Construction", Barcelona 2006  

The Instrumentalization of Geometry 

Throughout their career and at certain given moments, this group of innovators were able to explore and 
incorporate the use of alternative geometries in their works and projects. Without grouping, cataloging or 
creating a taxonomic classification, this proposal presents an alternative vision of the canonic 
interpretations of the 20th century, in particular the period unfolding between the avant-gardes and 
postmodernity. These originators enable the establishment of analogies, linked across disparate moments 
and movements by a similar approach to their projects.  

Understanding that the architect’s work lies in the shifting of geometry to space by means of construction: 
it involves the transformation of an idea into a form and a concept into a built reality through the 
utilization of geometry as a tool of inter-mediation.  

The schemes of the various innovators, who form the subject of the subsequent anthology, create and 
interest that goes beyond a basic examination of their ideological or conceptual propositions, rather, we 
investigate how these individuals instrumentalized geometries of a certain complexity and how, based on 
these, they materialized their theoretical ideas.  

Prioritizing the procedural as opposed to the methodological: without seeking to minimize the value of 
the end results or to maximize a search for methodological criteria (on the basis of the schemes presented) 
this would imply the location of an intermediary point from which to explore specific procedures for each 
situation and in which to establish design strategies based on a initial and, at times, aleatory idea.  

All of these individuals that form a part of this anthology, reside within a wide array that ventures in 
search of new, alternative geometries to the postulates of modern architecture: where form is established 
by means of elements delimited in space.  
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Beyond the habitual methods of establishing references in architecture, such as the strictly theoretical or 
the concern for purely formal aspects, there should exist an additional approach that underscores an 
interest in how the design process is carried out. That the work of these innovating individuals proposed 
the development of these processes (almost always based on geometrical manipulation) is in fact 
illustrated, and subsequently emphasized by those precisely most representative documents. 

Both the design experiences that appear in the “research process” and those that emerge in the 
“ideographic references” are based on such geometrical manifestations as networks, weaves, folds, 
stacked grids, ruled surfaces, spiral developments, algorithms, parameterization systems, and so on.  

This is the reference material that genuinely interests the architect, an invaluable component to his design 
work. Not limiting himself to mere observation, the architect departs from them and then returns to the 
abstraction and synthesis of their concepts, so that the analysis of practice might therefore become design 
theory.  

Inventiveness and Form 
In this revisited history of the 20th century the importance becomes clear of parallel disciplines that often 
converge, obliquely so, with the architecture. If we have seen how such convergence can be produced 
from the world of art, philosophy, music and mathematics, this state of affairs becomes all the more 
obvious in the field of engineering.  

There have been many engineers who in their search for plasticity, have worked above and beyond simple 
structural calculations, incorporating complex geometries in their formal approach. Hence engineers from 
the structural realm, figures such as Eduardo Torroja, Ricardo Morandi, and Eladio Dieste, or those 
hybrid architect-engineers such as Buckminster Fuller, Pier Luigi Nervi, Jean Prouvé, Félix Candela and 
Frei Otto, or architects interested in the search for a new modeling in structural development like Antoni 
Gaudí, Louis Kahn, and Miguel Fisac have, in their search for pure definition of form, tested processes of 
geometrical instrumentalization as an inter-mediation in the materiality of construction.  

Figure 2. Viaduct's section. Loads and forces diagram, Park Güell, Barcelona 1909-1910

Moreover, certain engineers have played an important, if not preponderant, role in the processes of formal 
definition. Their extraordinary impact have made figures such as August Komendant and Peter Rice, 
inextricably complicit in the work of architects Louis Kahn and Jorn Utzøn, respectively. Rice, captivated 
by Utzøn’s work, wrote the primitive computer programs that were used in the geometrical definition of 
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the post-tensioning elements of the Sydney Opera House; a technique of civil engineering that as a 
constructional process left its imprint on the final outcome of the building.  

Figure 3. Louis Khan, City tower Project, Philadelphia 1952-57

With the construction of the Pompidou Center, located in the Beaubourg Quarter of Paris, Rice’s 
contributions transcend instrumental value. They include the introduction of a method for the 
optimization of bridge construction (a calculation system first devised by German engineer Heinrich 
Gerber) that displaced traditional supports in favor of sizeable cantilevers as well as the recommendation 
to architects Renzo Piano and Richard Rogers that they use cast steel in their design of the Pompidou. The 
incorporation of the steel, a material salvaged from Paris’ historical relationship with steel and concrete 
construction, has helped to humanize the building and converted it into a giagantic kit-of-parts, a 
precursor of high-tech [1].  

In our investigation we present some projects that illustrate how the influence of engineers like Ove Arup, 
a defender of the very Anglo-American, collective idea of ‘total architecture,’ was all-important in the 
development and resolution of several architectural projects. Moreover, we make reference to the current 
work of Cecil Balmond and the AGU (Advanced Geometry Unit) of Ove Arup & Partners, engineers who 
collaborated with architect Toyo Ito to transform a mathematic algorithm into architecture: the 2002 
Serpentine Pavilion in Kensington Gardens in London.  

Furthermore, studios that inter-relate engineering and architecture, such as the firm of Foster & Partners, 
produce composite projects such as the Milau Viaduct, a project that possesses   clear engineering 
character, but that also manages to be an architectural object of great sensitivity that constructs a new 
landscape.

Geometry vs Space 
In the field of art, the use of geometries that explore spatial sensation has resulted in the work of painters, 
sculptors and architects who, on the basis of geometrical manipulation and elaboration of their 
compositions in two-dimensions, construct three-dimensional spatiality and dynamism: among whom are 
Theo Van Doesburg, Rietveld, El Lissitzky, Kandinsky, Alexander Calder, Naum Gabo, László Moholy-
Nagy.  
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Our discussion would not be complete without a look at the contributions made during the proto-
modernist period by the architects Auguste Perret [2], Charles Rennie Mackintosh and Peter Behrens. 
Additionally, we discuss Antonio Gaudí, an architect who instrumentalized geometries that subsequently 
triggered the development of distinct construction processes.  

Russian Constructivism was a movement full of the the experimentation with complex geometries that 
affect space-making. The work of El Lissitzk [3] suggests the existence of an imaginary space around the 
idea of movement, which Tatlin and the Constructivists K. Melnikov and A. Rodchenko implemented in 
their Monument to the Third International. But beyond the symbolic aspect of Constructivist architecture, 
the Melnikov House demonstrates the development of a geometry that helped generate flexible 
construction practices.  

Figure 4. Konstantin Melnikov, Parking for 1000 vehicles project, Paris, 1925

The quest to rationalize the “object” led innovators in the Bauhaus and thereabouts to propose forms that 
altered the geometries of pure bodies.

The great maestros (fathers of the Modern Movement: Mies Van der Rohe, Le Corbusier, Alvar Aalto and 
Frank Lloyd Wright) lived through experiences tangential to the exploration of geometries, which are not 
simply understood as boxes and pure volumes. Mies van der Rohe’s competition for the Friedrichstrasse 
skyscraper in Berlin (1919-21), Frank Lloyd Wright’s spiral ramp in his Guggenheim Museum (New 
York, 1956), his triangular facade design of the Rogers Lacy Hotel in Racine, Wisconsin (1946), or the 
complex roofs of his Johnson Wax Building (1936) demonstrate this legacy.  

Le Corbusier’s project for a Hospital in Venice, helps shed light on the concept of the “mat-building [4], 
authored and analyzed by Alison and Peter Smithson. The appearance of the concept “mat-building” is 
crucial to understanding many of the later proposals that appear in this anthology, particularly those of 
innovators who participated in the Team 10 debates on post war urbanism and architecture.  

Geometry’s important role in the architecture of pavilion typology must be highlighted. In the Breda 
Pavilion of 1952, in imitation of Moebius, Luciano Baldessari moves the endless strips proposed by Max 
Bill from the Bauhaus. Iannis Xenakis, in the shadow of Le Corbusier, designs the Phillips Pavilion in 
1958. At the London Zoo, the Penguin Pool (1933-4) by Berthold Lubetkin (together with Ove Arup) 
recalls Contructivist stage designs and Naum Gabo’s scientific sculptures of the 1920s [5].  
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Figure 5. Iannis Xenakis & Le corbusier, Phillips Pavilion. Brussels, 1958

Pavilions that emerged from geometric developments in space have remained fixed in the history of the 
20th century. We might recall the Finnish Pavilion at the New York World’s Fair by Alvar and Aino 
Aalto in 1939; “il laberinto dei Ragazzi” at the Tenth Milan Triennale by BBPR, Alexander Calder and 
Saul Steinberg in 1954; the Spanish Pavilion at the 1958 Brussels World Exhibition by José Antonio 
Corrales and Ramón Vázquez Molezún; and Cedric Price’s 1963 Aviary at the London Zoo, a structure 
that demonstrates the dematerialization of the architectural object, now free of all symbolic or semantic 
interpretation.

In Louis Kahn’s late work, there is a sense of “explicit distinction” expressed in the 1956 plan for 
Philadelphia’s downtown. In his proposal, Kahn referenced the forms of Piranesi’s 1762 plan of Rome 
and injected them into the planning of a modern city [6]. For Philadelphia City Hall (1952-57) Kahn and 
Ann Tying designed a multi-planar, triangular structure that extols the concept of a geodesic skyscraper 
with tetrahedric floors plates.

Of additional importance is the body of work completed by Buckminster Fuller and his disciples or 
followers in the United States. Moreover, we focus on isolated works of Walter Netsch, a German-
American architect living in Chicago. In addition to his association with Brutalism, Netsch developed a 
“Field Theory,” where architecture is based on the rotation of the square to make complex forms. 

Figure 6 Richard Buckminster Fuller, first kinetic model 1950 Aprox.
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In accordance to the writings of J. A. Cortés in “Nueva Consistencia,” Aldo Van Eyk’s orphanage (1955-
60) is but a short distance from Kahn’s Trenton Jewish Community Center, a construction that bears a 
fractal dimension that helps to explain his concept of “labyrinthic clarity.” Alison and Peter Smithson 
outlined their “Doorn Manifesto 1954” that bears a relationship to the Robin Hood Gardens and Golden 
Lane Housing system in Coventry.  

Figure 7. Aldo Van Eyck, conceptual scheme (fractal) for the Orphanage, Amstelveenseweg, Amsterdam, 1955-60

Furthermore, the conceptual and unbuilt utopias of the 1960s, such as those articulated by the Archigram 
Group of architects and theorists, including Peter Cook who promulgated utopian ideas codified in the 
form of the “plug-in city,” must be examined for their innovative geometrical premises. 

Figure 8 Archigram, diagram detail of plug in city, 1962-64 

Other interesting proposals such as the schemes of Kenzo Tange and the Metabolist group of architects, 
should be appreciated not for their ideology or monumentality, but instead for the way in which geometry, 
basic to the viability of these proposals, facilitated the application of new systems of organization. 

In relation to modern architecture, there possibly exists the near culmination between form and geometry. 
[9] This culmination is realized in the work of J. Hejduk (bye House) and P. Eisenman (Ten House and 
Eleven House). Between 1982 and 1989 Eisenman worked with the stacking of grids and increasingly 
directed his studies toward the development of evermore complex, non-delimited spatial geometries.  

How easy it is to recognize, almost literally, in many of today’s architectures forms inferred from 
processes of projectual approximation, processes glimpsed in this anthology.   
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Figure 9. Kenzo Tange, Groupings in the Air, Tokyo, 1961-62

It is easy to recognize, almost literally, the derivision of many of today’s architecture forms from the 
process of projectual approximation, some which we present in this anthology. 

This re-appraisal is a compendium (or synthesis) of a much more vast and complex investigation in which 
different 20th-century architects have undertaken geometric explorations in the search for:  

 – A new urban landscape or a territory.  
 – Construction mechanisms or structural approaches capable of reproducing complex forms.  
 – Abstract experimentation and the genesis of new programmatic organisms.  
 – Symbolism and the simple truth. 
 – Form as an intermediary stage in an unfinished process, or the dematerialization of the 

architectural object.  
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Abstract

The Catalan Architect Antoni Gaudí left his magnum opus, the Sagrada Família Church, substantially incomplete as 
a building – certainly less than 10% built on site.  As a design, however, he devoted his last 12 years to defining the 
project sufficiently detailed for his successors to have a clear idea of his intentions for the building in terms of 
formal composition at least, if not the precise artistic adornment that characterises the parts he was able to 
complete.  The project is ‘undrawable’ in any conventional sense and Gaudí resorted to working in gypsum plaster.  
This medium served not only as a representational tool as scaled models but also as a design research method.  
Given the nature of Gaudí's architecture and the unique way he procured it, models alone without the presence of 
their maker would not have afforded the continuation of the construction in quite the way it has proceeded in the 
almost eight decades since his death in 1926.  Through the almost forensic work examining his surviving models 
post mortum it is clear that he moved away from the spirit of the free-form sculptural abstraction that dominated his 
middle period to the use of second order geometry (ruled surfaces).  The three ruled surfaces that he used almost to 
the exclusion of any other surface, including planar,  were the hyperbolic paraboloid, the hyperboloid of revolution 
of one sheet (referred to in this paper as simply ‘hyperboloid’), and the helicoid.  These surfaces combine as 
elements of a codex, which come together as a schema for the whole building.  As architects in charge of 
completing the building, working backwards, we have had to unravel the geometries from the surviving models in 
order to rebuild them in such a way as to direct the actual works.  This is not in the typical architect’s job 
description.  This brief paper gives an account of the deciphering of the parameters for the many and various 
hyperboloids that compose most of the Gaudí's uncompleted building Gaudí using methods that range from 
graphical, calculation, and digital calculation.

Background

This account details a personal journey.  In 1979 I visited the Sagrada Família Church in order to meet 
and interview the two architect directors for the building, both almost in their nineties.  They had both 
been ‘Gaudí disciples’ in their youth, young architects who were frequent visitors to Gaudí's atelier in the 
years before his death aged 74.  They were the essential connection to the time when Gaudí explored 
designs for the building and set-up the schema to assist its completion presumably well aware that he 
would not see the construction completed in his lifetime.  I had two questions to pose to the senior 
architects: where was the authority to continue the building coming from and what was the method used 
to communicate with the craftspeople on site actually charged with building this incredible piece of 
sculpture sized to cathedral proportions?  There was one answer to both questions, apparently, and I was 
pointed to boxes of dusty plaster models, all of which were in fragments, and none of which on the face 
of it particularly revealing.  During the Spanish Civil Way (1936-9), a decade after Gaudí's death, his 
atelier had been ransacked and set on fire by occupying vandals.  Whatever drawings Gaudí made were 
lost to the fire, and the in many cases room-sized models scaled at 1:25 and 1:10, smashed 
comprehensively.  The two directors were confident that the answers lay with the models, and I was 
offered an internship to join the chase for the missing information – the parameters of the constituent 
ruled-surface geometry enshrined in the models.
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The situation was a curious one, and a case of being in the right place at the right time, and asking 
the right questions.  Until recently, the Sagrada Família Church project was characterised by being very 
short of funding.  After Gaudí's death, and exacerbated by the Civil War and its effects, the project limped 
forward.  The year before I entered the project, 1978, the four towers to the Passion Façade and the lower 
half of its entrance portico, the narthex, had been completed.  These towers and portal, the west transept 
mirrors the eastern transept with its extraordinary Nativity Façade that faces the rising sun.  The Nativity 
Façade reveals the quintessential Gaudí because he worked on this part of the building for many of the 43 
years that he was engaged as the architect for the project.  The west transept was commenced after the 
Civil War and took several decades to be completed.  It is not quite a mirror copy as it has a parametric 
variation from its source: the towers are elliptical in plan with their minor axis measuring the same as the 
diameter of the Nativity Façade towers and their major axis is the diameter of the circular towers planned 
for the main front, currently under construction.  The towers for the Passion Façade are a little taller than 
those that comprise the Nativity Façade, and are themselves shorter than the eventual towers for the main 
front.  All three facades include four bell towers arranged as two groups of two.  A final parametric quirk 
seen in both the tower groups for the Nativity and Passion Façades is the fact that in one group of two 
towers, the seaward group, there is a separation between the towers that is greater than its almost 
symmetrical twin, the group of two that flank each end of the apse.

The two directors had worked with Gaudí at the time that he developed his geometrical codex.  They 
had seen the elaborate plaster models being prepared for him and were aware of the application of ruled-
surfaces as part of a regime to ensure a design communication between architect and builder, and between 
himself and his unknown successors of the future.  The efforts to construct the Passion Façade had been 
so consuming since the Civil War and the time that I arrived on site as a thesis-year student that none of 
this late developed methodology had been taken beyond the point that Gaudí had left it: none of the 
lessons being coaxed-out from this new methodology had any relevance for the duplication of the original 
transept.  When Gaudí died he saw one of the four campaniles to the Nativity Façade freed from its 
surrounding scaffold.  Finishing this first group of towers took the project up to the Civil War.

Essentially the preparation of these models was Gaudí's design process – he lived on site ultimately, 
so was rarely far from his colleagues who actually prepared the models.  These colleagues were the 
masters in the lineage that stretched forward to the time that I joined, so my new colleagues had been 
apprentices in an unbroken chain of master model makers: Gaudí's methodology was intact.  The problem 
that was presented to me was the sheer amount of time it took to make a model.  The process was very 
unusual for a recently trained architect schooled in the Late Modernist tradition.  Firstly, no drawings 
were required.  Secondly, the model makers made what was not the required element but rather, its 
negative.  In most circumstances this involved rotating half a hyperbola around a central pivot slowly and 
evenly while plaster of Paris set.  The symmetrical half of a hyperboloid of revolution would result from 
which a positive ‘hyperboloid soup plate’ would be cast – the positive.  These forms were then arranged 
according to a proportional system on the plane of the wall or ceiling, and the hyperboloids chipped away 
until they tessellated in a close fit.  Following the ruled surface with a straight edge, the model makers 
could make the precise fourth order curves of intersection between adjacent hyperboloids, and where 
three surfaces met in a zone, the curves of intersection between each pair of surfaces themselves 
intersected with two others at a point in space – ‘triple points’.

My task was to investigate the possibility of fast-tracking Gaudí's iterative modelling process by 
seeking some kind of shortcut to his precise but exacting and time-consuming process: a design model for 
a window, for example, takes many weeks to make. Effectively we were to reverse engineer the model 
fragments in an effort to extract the constituent hyperboloids.  There are nine parameters that define the 
surface itself, and the relationship each has to adjacent forms with which they intersect.  Constants ‘a’ and 
‘b’ define the size of the opening or collar to the form along the x and y axes respectively.  The curvature 
of the surface is controlled by the constant ‘c’, the asymptote.  The relationship between intersecting 
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hyperboloids is governed by the three Cartesian coordinates of each surface and the three axes of rotation 
about the centre point of each hyperboloid.  Although none of the models survived intact, photographic 
plates of the models taken before Gaudí's death have survived, and it is from photographs of the models 
that a system of proportions has been determined, which turns out to be thorough.  This fact, combined
with the 7.5 metre modular layout has meant that the positions of each hyperboloid can be determined 
with precision, eliminating three parameters from our enquiry.  From the model fragments ‘a’ and ‘b’ can 
be determined but ‘c’ and the three possible rotations about each centre had to be sought using other 
methods.  In summary, five of the nine parameters for each surface could be confirmed through 
measurement, and the remaining four unknowns by other means.

The principal task for Gaudí's successors at that time, then, was analysis not synthesis.  The approach 
I began with in 1979 was through graphical analysis.  As an architect, the means to conduct such an 
investigation were not readily at hand, and it was not until I isolated the challenge from being an
architectural one to something more akin to geography, or more precisely cartography that a solution 
began to present itself.  Conceptually, if the curves of intersections could be read as ridges between two 
mountain slopes, and the triple point intersection between three such curves of intersection as mountain 
peaks, then the mapping of the surfaces could be achieved using contours.  If the vandal’s intentions in 
destroying the models was to curtail any possibility of continuing the building with no Gaudí to redo them 
all they failed, because so long as sufficient pieces of models survived with triple points intact, their 
location with the aid of the surviving photographs gave us sufficiently viable evidence of intentions.

The interpretive process therefore involved analysing each surface and deriving contours at 
appropriate intervals from the neutral plane.  For a window, the neutral plane is oriented vertically aligned 
with the future glazing.  The origins of all the hyperboloids of revolution of one sheet are aligned to that 
plane.  The drawings produced for this purpose resembled plans, sections and elevations, but in fact were 
composites of three orthogonal projections, regardless of the actual orientation of the piece being 
examined.  This is to say that the same drawings were produced for a vertical surface as a horizontal one.

The examples given for the graphical analysis are from the upper lateral nave window, the first to 
add the complicating elliptical hyperboloids; whereas circular hyperboloids (a = b) can be made through 
the simple rotation of a hyperbola about a central pivot elliptical hyperboloids have to be made in a far 
more elaborate process. Although significantly quicker than modelling, first analysing the fragments of 
models through drawing, and then synthesising a solution by the same method represented weeks of work 
for the same objective, and is too slow a period when it came to build. The drawings from that period lay 
in the plan chests until 1989, when at last the opportunity finally arrived to put into action the schema that 
Gaudí had prepared so many decades earlier.  By this time, however, computers had begun to offer a 
more conspicuous role in practice, and the Sagrada Família Church, ever the innovator and early adopter 
of any technology that appeared to help move this most complex of projects forwards, were keen to 
explore this new avenue.  Shrewdly this was undertaken through agreements with two universities: 
Victoria University of Wellington, New Zealand where I lectured, and UPC in Barcelona.  After three 
years of trials, the computer was formally adopted into the workflow, but it was 3D modelling software 
from the aeronautical industries and not from architectural practice that was adopted.  This is still the case 
today.

At that time, the technology being accessed was often described as ‘solids modelling’.  It matched 
the time-honoured but long forgotten descriptive geometry that had been a core part of architects’ training 
before the age of concrete brought new priorities to the curriculum.  Interestingly from our point of view, 
the software allowed us to work spatially in much the same manner as working messily by hand using 
plaster of Paris, but yielding results much more quickly.  Initially the key to using this software was 
understanding the nature of the surface geometry distilled into 2D information.  The model makers would 
make a cast of various hyperboloids and then section them giving us a 2D hyperbola to work from.  For 
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elliptical surfaces we would take two sections at ‘a’ and ‘b’ to get the maximum and minimum values for 
the components.  Curiously we had no means of drawing a hyperbola directly in the computer at that time.  
We had to use a calculator to derive around 15 points on the hyperbola and then enter these points 
manually into the drafting program, connecting the points using a spline.  It was at this point I realised 
that to use the computer and not compute was missing an opportunity.  From this point, all mathematical 
conundrums for the project have been dealt with directly through accessing the computational tools that 
all software offers.  

The process was too slow, even with the introduction of scripting to help us along – the elusive chase 
for Gaudí's hyperboloids remained time consuming: the ultimate goal of real-time iterative modelling 
seemed a long way off.  It was at this point that a more sophisticated mathematical approach was 
required, and it was through the interaction with computer scientists and mathematicians we were able to 
home in on solutions that more closely matched Gaudí's surviving material more accurately and more 
quickly.  Firstly measuring points along the curves of intersection between geometries as well as the 
crucial points on the collars and the triple points by hand, then by digitisers, and more recently by 
scanners we were able to analyse the data using best fit optimisation algorithms (Simplex and Hill-
climbing).  In this way, the values of the various hyperboloids on the surviving models could be obtained 
with as much accuracy as the models themselves presented, and digital versions constructed with a great 
deal less trial and error than formally.  The first part of the building to be approached in this way were the 
lateral nave ceiling vaults, and the clerestory window that runs around the central nave, transepts and 
apse.

How accurate are the surviving models?

The models are accurate enough to have a precise understanding of Gaudí's intentions, but 
insufficient to be simply scaled-up and built from.  It is not clear what Gaudí's own view was – would he 
have constructed directly from the models, and how?  I believe that the underlying slight but nevertheless 
significant inaccuracy would have precluded him from being able to work directly from these scale 
models without further refinement, and his hypothetical approach to the eventual construction we will 
never know.  What is clear from the best-fit work is that Gaudí himself must have been frustrated in his 
attempt to get perfect intersections because subtly the centres of various hyperboloids have wandered 
away from their notional centres as set-out by his proportional system.  We might imagine that seeing that 
the forms were not intersecting entirely correctly from his point of view, he must have requested that the 
model makers move them slightly to get a better looking result.  He completely lacked any of our 
contemporary tools that allow us to pursue far more options to get the right ‘look’ as well as conform to 
his geometrical schema and proportional layout.

A second technology that we were able to take advantage of in 1994 was parametric design software, 
which allowed us to experiment with flexible rather than explicit models.  With an explicit digital model 
any change is executed in the same way as it would using pen and paper: changes identified are erased 
and re-drawn.  With parametric design software the image on the screen is a visually competent 
representation of the contents of the database.  Unlike explicit design, the relationship between the 
monitor sited visualisation and the database is two-way: the designer can suggest a change by ‘clicking’ 
on a controlling dimension, for example, adjusting the value, and if the value is achievable, the model 
reforms itself on the screen to reflect the parametric change.  This meant that we could change any or all 
of the values of the parameters for the window, for example, and the model would adjust to these new 
values.  This represents a fundamental difference from the prior digital experimentation as it distances the
architect by one step away from the underlying math.  With parametric software the designer is blessed by 
a kit of parts: infinitely variable hyperboloids of revolution of one sheet as digital elements that can be 
experimented with at will.  
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Parametric design software reached maturity too late to be especially useful for the analysis and 
interpretation of Gaudí's surviving model fragments because by 1999 we had completed the design for 
most of the nave and transept.  From this point we have been working from Gaudí's structural schema, 
and various prototypes from which we have been obliged to synthesise solutions for the remaining parts 
of the building that Gaudí envisioned in sufficient detail to allow us to interpolate, but not modelled with 
the authority at the level of most of the nave.  Most significantly we have been bequeathed a highly 
detailed model of one of the two sacristies that were categorically considered by Gaudí as the genotype 
for all the remaining towers.  Applying this genotype as the parametric seed for homing in towards the 
optimum solutions for all the remaining works has been a real boon, and even more extraordinarily, 
assures that the continuation of the Sagrada Família Church, far from being an anachronism is the 
opposite: it leads the world in trialling innovative design and building solutions for complex architecture.

Is this the end of the story about architects skirting around the mathematics of Gaudí's unique working 
process?  In one way it is, as by 2010 the interior of the building will be substantially complete, and the 
design for the remainder of the building highly resolved.  The lure of digital engagement in this regard 
has been the dream of an interactive assembly of Gaudí ruled-surface forms such that the designer can 
tweak away at the proposal in real time.  Sadly we are still along way off achieving this dream.  Some 
comfort can be drawn from the fact that not only did Gaudí himself not require these tools to visualise his 
grand project, he did not even need assistance to envisage such fabulously rich yet rational geometrical 
play.  In many ways we are the poorer for our contemporary necessities, but at least they have ensured 
that the building will be completed within a lifetime.

Figure 1: Sagrada Família Church seen from north east showing the parts constructed in Gaudí's lifetime 
(Nativity Façade and apse) in the foreground (June 2007).
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Figure 2: Looking down from the west over the Passion Façade completed 1978 (June 2007).
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Figure 3: Passion Façade (west transept, September 2004).

ISAMA 2008 - Valencia

59



Figure 4: Lateral nave ceiling vaults (left hand side) with a glimpse of the central nave vaults.

Figure 5: Image of the Sagrada Família Church, drawn by Gaudí's assistant Rubió in 1906.
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Figure 6: 1:25 scaled plaster of Paris model of nave by Gaudí.

Figure 7: 1:10 scaled plaster of Paris model of clerestory by Gaudí (restored after the 1936-9 Civil War).
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Figure 8: Detail of 1:10 scaled plaster of Paris model of clerestory by Gaudí (Figure 7).

Figure 9: Detail of 1:10 scaled plaster of Paris model of clerestory by Gaudí (Figure 7).

Figure 10: Measured drawing of clerestory (figures 7-9).
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Figure 11: Template prepared for the model makers to make a hyperboloid of revolution of one sheet by 
rotating the profile over setting plaster (lateral nave window).

Figure 12: Tracing the contours onto an inclined hyperboloid.
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Figure 13: Intersection curves between adjacent hyperboloids (lateral nave window).

Figure 14: Proportional system by which Gaudí laid out adjacent hyperboloids (clerestory window).
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Figure 15: Gaudí's design method: combining hyperboloids of revolution using plaster of Paris models 
(lateral nave window)
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Figure 16: Chasing hyperbolas to match 2D data extracted from Gaudí's surviving model fragments.

Figure 17: The nine parameters that govern the shape of a hyperboloid of revolution of one sheet and its 
relationship to neighbours.
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Figure 18: Solid model using aeronautical software.

Figure 19: Final computed and digitally represented outcome [RHS] compared with photograph 
of the original Gaudí model prior to its destruction [LHS].

ISAMA 2008 - Valencia

67



Figure 20: Completed clerestory windows (2005).
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Abstract
The earliest examples of computer programmed algorithmic art emphasized mark-making variations induced by
pseudo random number generation. We pay homage to this technique by using a simulated diffusion limited aggre-
gation process for mark making. Our technique is an extension of the method of Kobayashi et al. to handle multiple
seed particles and also take into consideration different metrics for measuring distance in the plane.

1 Introduction

First introduced by Witten and Sander in 1981 [18], diffusion limited aggregation (DLA) describes a rule-
based process that has been used to model many physical, biological, and social phenomena. DLA has been
used to model electrodeposition [9], urban cluster growth [1], root system growth [2], and string theory
phenomena [8]. Mathematically, the interest in DLA structures has centered on their fractal-like nature [16],
with considerable effort having been devoted to measuring the fractal dimension of DLA formations [9].

In computer graphics, DLA simulations have been used for modeling fractal-like phenomena such as
ice formation and root formation [2]. The recent thesis of Long [12] uses a DLA model based on path
planning to simulate lightning and establish various nonphotorealistic artistic effects. In the fine arts, the
“Aggregation” series of prints exhibited by Lomas [11] are sophisticated, computationally intensive, three-
dimensional DLA simulations. Figure 1 shows an example of a much simpler two-dimensional composite
DLA composition by the author (see [6]) that provides the springboard for the work described here.

This paper is organized as follows. In Section 2 we present the basic DLA algorithm. In Section 3
we consider the problem of simulating DLA using multiple seed particles. In Section 4 we introduce the
algorithmic art works we created as part of an homage series using grids of seeds. In Section 5 we offer
further examples obtained using different distance metrics in the plane. In Section 6 we give our conclusions
and discuss future work.

2 A DLA Algorithm

To simplify modeling a collection of particles moving, colliding, and adhering in the plane, Kobayashi et
al. [9] propose first starting with a single seed particle placed at the origin and then considering a sequence
of particles that undergo, one at a time, a random walk for a fixed length of time. Moreover, they restrict
particle movement to the two dimensional integer lattice with distance measured using the Manhattan metric
i.e., using taxicab geometry. We will also restrict particle movement to this lattice, however in addition to
the Manhattan metric which defines the distance between two points (x1,y1) and (x2,y2) to be

dM((x1,y1),(x2,y2)) = |x1− x2|+ |y1− y2|,

Distance Metrics and Diffusion Limited Aggregation — An Homage
to the Algorithmic Art Pioneers

Gary R. Greenfield
Department of Mathematics & Computer Science

University of Richmond
Richmond, VA 23173, USA

ggreenfi@richmond.edu

ISAMA 2008 - Valencia

71



we will also consider the Euclidean metric which defines the distance to be

dE((x1,y1),(x2,y2)) =


(x1− x2)2 +(y1− y2)2

and the supremum, or L1, metric which defines the distance to be

dS((x1,y1),(x2,y2)) = max(|x1− x2|, |y1− y2|).

The crucial geometric distinction being made here is that the ball of radius R centered at the origin is actually
the “diamond” whose vertices are (0,±R), (±R,0) under dM, the circle of radius R under dE , and the square
with vertices (±R,±R) and (±R,∓R) under dS.

We now carefully describe the Kobayashi et al. DLA model where only a single particle is ever present
and in motion on the integer lattice. Let R be the radius of the smallest diamond centered at the origin
that contains the existing DLA structure. Release the next particle from a location selected at random on
the boundary of the diamond of radius Rm = 2R. Allow this particle to proceed on a random walk until
either: (1) it meets and adheres to the existing structure, (2) it reaches the boundary of the diamond of radius
Re = 3R, or (3) its time limit expires. In the latter two cases remove the particle. The simulation halts when
the bounding radius R reaches a predetermined value Rmax. To ensure a particle in motion travels only on the
integer lattice, a particle’s random walk movements are implemented by taking random unit steps in one of
the four cardinal compass directions. Figure 2 shows the typical dendritic growth pattern that results using
this model.

3 DLA with multiple seeds

If the DLA algorithm is run with multiple seeds or multiple “seed structures” i.e., small geometric configu-
rations such as rectangles all of whose boundary points act as seeds, since an update of the value of the key
parameter R can only possibly occur when particles adhere to structures that lie within the ball centered at
the origin determined by the current value of R, the DLA algorithm can become frozen. What happens is that
particles meeting outlying structures adhere and build up to form barriers that prevent structures closer to the
origin from receiving any particles. With R frozen in this way, the perimeter of the ball of radius 2R where
particles are initially released from becomes frozen as well. To prevent this, we resort to the algorithm modi-
fications we developed in [7]. We make use of a flag variable that when set initiates a simultaneous decrease
of the release radius Rm and the escape radius Re, but not R. The decrease continues as long as particles that
are released fail to cause a change in the value of R. Eventually a particle is released close enough to the
origin so that it adheres to one of the existing structures in such a way that causes R to increase. At this point
the flag variable is cleared thereby restoring Rm and Re to their normal values of 2R and 3R respectively for
subsequent released particles. The flag variable is set whenever, using the latest value of R, 4R particles
have been released without any adhering to an existing structure in such a way that an update of R is trig-
gered. By this means, as the number of structures that are encompassed by the ever expanding ball of radius
R increases, and their sizes increase, the algorithm becomes more patient about letting released particles try
to work their way in towards structures lying inside the ball defined by the current value of radius R.

Evidently, the parameters controlling the simulation are the maximum length of time allowed for each
released particle and the number of released particles. We set the maximum length of time per particle at
100,000 time steps. For uniformity, it is easier to limit the number of time steps for all released particles
combined rather than limit the number of particles released. This global limit we set to 180,000,000 time
steps for the 400 × 400 pixel canvases considered here. We should also note that this limit on the size
of the virtual canvas of necessity limits the distance from the origin where particles may successfully ad-
here. Depending on the distance metric used, this accounts for the clearly particle boundary one sees in the
visualizations of our DLA simulation once enough particles have been released.
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4 DLA using grids of seeds

In the process of testing algorithms using multiple seeds, quite naturally, we used patterns of seeds. Figure 3
shows a test using an evenly spaced 6 × 6 pattern of seeds plus a central seed. The seeds were differently
colored than the aggregated particles for evaluation purposes. Such tests reminded us of the earliest computer
art and inspired the algorithmic compositions that follow as we now explain.

Klütsch’s retrospective paper [10] gives examples of algorithmic art works dating as far back as 1964
that were exhibited in early computer art exhibitions (see especially 8-Ecke by Georg Nees and Formal
Language II by Manfred Mohr). An analogous retrospective paper on the first computer art in the USA has
been written by Noll [13]. In the mid-80’s Mark Wilson began exhibiting his algorithmic art works that
used the mark-making approach. He also began sharing his techniques via his book [17] which also featured
several of his contemporaries. Roman Verotsko’s landmark 1987 3” × 5” Epigenetic pen plotted drawing
[15], and his outstanding body of subsequent work (see [14]) also serve as exemplars of the early algorithmic
mark-making approach. The style has not become outmoded. For example, algorist computer art pioneer
Hans Dehlinger’s 2005 T x 01 [4] still pursues this theme.

Perhaps the most iconic early algorithmic art mark-making image is Schotter (Gravel Stone) by Georg
Nees (see Figure 4 of [10]) in which 22 rows of perfect squares, with 12 squares per row, are transformed
from a state of perfect order in the bottom row to a chaotic pattern in the top row. For our homage works,
all the seeds in a 20 × 20 grid located on a 400 × 400 pixel canvas that lie within a ball of fixed radius
centered at the origin are expanded into small DLA “marks” using the algorithm detailed in the previous
section. Here the canvas is coordinatized in such a way that −200 ≤ x,y ≤ 200, and the bounding radius is
185. Figure 4 shows an example. In Figure 4, and in all subsequent figures, the hue chosen for the DLA
mark was pseudo-randomly generated.

5 DLA using other distance metrics

Our multiple seed DLA simulation technique extends easily to permit the use of any distance metric in
the plane provided (1) particles are released from points selected at random on the boundary of the ball of
radius 2R, and (2) the release points are approximated by lattice points so that the compass direction random
walk procedure is still valid. Since for the supremum distance metric dS, R will always be an integer, it is
conceptually easy to release points appropriately by simply unfolding the boundary of the 2R radius ball
to obtain a line segment of length 8R, choosing an integral point on this segment and them refolding to
determine the release point. Figure 4 gives an example of a composition obtained using dS.

In Figure 5 we show an example using the Euclidean metric dE . When using dE for calculating distance,
in order to determine the release point for a particle we randomly choose an angle θ with 0 ≤ θ < 2π and
then select the lattice point that is closest to the point whose polar coordinates are (2R,θ).

6 Conclusions and Future Work

We have described a model for fast, efficient simulation of two dimensional diffusion limited aggregation
using multiple seeds that is also compatible with various distance metrics in the plane. We used this model
to create a series of algorithmic art compositions that were inspired by the algorithmic art pioneers. These
works therefore became our homage to these early algorists. Future work could be devoted to modifying
the look and feel by, for example, shading adhered particles according to their distance from the center or
one of the edges, using other intrinsic DLA parameters such as “stickiness” to provide additional means for
controlling the size and density of structures, or exploring other seed pattern configurations.
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Figure 1: A DLA composition formed by compositing ten distinct DLA structures. DLA Painting #12770,
6” × 6”, cc G. Greenfield, 2007.

Figure 2: An example of the dendritic growth simulated using the Kobayashi et al. model [9].
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Figure 3: Test image using multiple seeds. A central seed is surrounded by a grid of small squares of seeds.

Figure 4: A multiple seed DLA grid composition using the taxicab metric. Algorist Homage #2512 4” ×
4”, cc G. Greenfield, 2007.
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Figure 5: A multiple seed DLA grid composition using the supremum metric. Algorist Homage #17235, 4”
× 4”, cc G. Greenfield, 2007.
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Figure 6: A multiple seed DLA grid composition using the euclidean metric. Algorist Homage #10920, 4”
× 4”, cc G. Greenfield, 2007.
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Abstract

A new method of physical construction of surfaces in 3D space is considered. The surfaces (topological 2D 
manifolds) are formed by structures of arranged point sets, given by contacting points of periodic knots and links. 
The points given by contacts of 3D knotted long objects, initially placed in a plane and form a fragment of a point 
surface. Then by means of the topological transformation, which saves a connectivity between points, but not the 
distance and angles between them, the fragment of a plane point surface can be reversibly turned into a fragment of 
a surface in the 3D space with positive, negative or combined Gaussian curvature. 

1. Introduction: shape and structure 

The shape of architectural objects in general can be treated as an envelope – a two-dimensional surface 
embedded into three-dimensional space. We directly perceive only the surface as a synthesis of sequential 
“photo snaps” – the two-dimensional imprints on a retina in our eyes. In 15th century Italian architect and 
theorist L. B. Alberti claimed that the architecture consists in the outlines and the structure (lineamenta et 
structura in the original Latin text) [1]. The visible shape (outlines) exists only because a directly not 
perceived structure determines it. Like Alberti, the modern mathematical theories of form distinguish the 
shape as an exterior surface and the form itself as an internal structure [2]. 

The most general variety of geometry – topology – treats surfaces in three-dimensional space as 
two-dimensional manifolds – oriented and nonoriented. In the middle of 19th century it was proved that 
any oriented manifold is equal to a surface of a pretzel with a some number of holes in it or a sphere with 
the same number of handles [3]. The number of holes or handles is called “surface genus”, which 
equivalent to zero for a sphere, one for a torus – the surface with one hole in it, two for a pretzel with two 
holes and so on (Figure 1). 

Figure 1 Surface genus and classification of 2D oriented manifolds

2. Euler’s formula 

Each surface can be divided into a number of polygonal meshes or facets (F) with borders or edges (E) 
between them, which intersect in points or vertexes (V). These three elements of any surfaces are 
interrelated and connected by a simple equation known as Euler’s formula of a surface: 
V − E + F = 2 − 2n. Here n is the number of the surface genus. For example, any possible polygonal 
faceting of a spherical surface, which turn the surface into a polyhedron, gives 2 as the value of Euler’s faceting of a spherical surface, which turn the surface into a polyhedron, gives 2 as the value of Euler’s faceting of a spherical surface, which turn the surf
formula. 
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The topological approach to the problem of physical or virtual modeling of surfaces makes it possible to 
distinguish between a form and a shape as well as between a structure and an outline. Moreover, topology 
can give for an architect many new tools for describing, modeling and practical work with the objects, 
which, until the recent times, remained completely in the field of abstract mathematics. 

3. Surfaces in term of facets 

Modeling of an architectural shape as well as any shapes, follows common logic of our perception of a 
spatial object. Practically, it is more convenient to us to work on a plane — 2D surface — with models 
like sketches, prospect drawings or computer graphic images on a display. In the same way it is more 
convenient to create the surfaces of 3D objects in 2D space as their flat developments, evolvements, 
tessellation patterns, etc. As a result, the practical possibilities of physical modeling of spatial surfaces are 
determined in general by the properties and structure of a material chosen for their plane developments. 

Figure 2 Developable surfaces

Developable surfaces (Figure 2) represents the elementary case of transition from a solid structure of flat 
sheet, such as a sheet of a paper, metal or plastic, to a fragment of a surface in 3D space. Another way to 
form a spatial object from flat solid sheet is to divide it into a number of facets (polygons) with turning 
linear connections (hinges) between them in order to create a flat folding structure of a surface (Figure 3). 
However, this method allows one to create only faceted approximations of real three dimensional However, this method allows one to create only faceted approximations of real three dimensional However, this method allows one to create only f
curvilinear surfaces. 

Figure 3 A flat folding structure of a surface

4. Surfaces in term of edges 

It is possible also to turn from the solid planes to their linear approximations or edge models, such as 
fabrics, nets, lattices and grids. The edges can be flexible, elastic or rigid, and join together by means of 
friction or with hinges, like riveted joints, or any other turning connections. The structures of edge models friction or with hinges, like riveted joints, or any other turning connections. The structures of edge models friction or with hinges, like riveted joints, or any ot
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of surfaces may be different, such as fabrics — the interweaved orthogonal threads of warp and weft, nets 
with knots like a fishing net, elastic lattices and weaves of flexible rods or twigs and kinematical grids of 
rigid rods with hinging. 

The principle of fabric structure has found many applications in practical modeling of complex 
curvilinear surfaces including the architectural field. In 1878 Russian mathematician P. L. Chebyshev has 
stated mathematical principles for flat developments of curvilinear surfaces from fabric with square 
meshes [4]. This research laid the foundation for practical applications of grid and steel rope structures in 
industrial building and architecture started in the end of 19th century by Russian engineer V. G. Shuhov. 

Figure 4 Hanging nets as form-finding method for grid shells (by Frei Otto)

Another important direction in form-finding with edge models of plane is inverting flexible hanging nets 
formed from a planar state by force of gravitation in order to receive the support surface of a grid shell 
free of moments (Figure 4). This method was yielded by analogy with a suspended chain forming a 
catenary which been inverted becomes the thrust line of an arch free of moments. Spanish architect 
A. Gaudi was the first who in the end of 19th century started experiments with suspended models made of 
strings as a form-finding method in architecture. Gaudi sought the structural forms which were free of 
moments and shearing forces. He was interested also in their formal aspect – the fact that one could 
visually follow the flow of forces in the structure. Gaudi approximated the catenary with parabolic arches 
in his early structures, but lately he made several spatial suspended string models for his churches. When 
the models were inverted, the polygons formed by the strings yielded the directions of the supports. In the 
end of 1940th German architect and engineer F. Otto started his own experiments with suspended models 
made of fabric saturated with liquid plaster of Paris. The original task of this work was to discover forms 
suitable for vaulted roofs, but later it became the basis of the grid shells building theory, resulting in 
several architectural masterpieces by F. Otto and his team [5]. 

5. Surfaces in term of vertexes 

The facet and linear models of surfaces do not exhaust all possibilities of plane approximations. Euler’s 
formula for 2D manifolds demonstrates that there are three topological elements of surfaces: 
two-dimensional facets (F), one-dimensional edges (E) and zero-dimensional vertexes (V). Because of 
this, it is possible to propose the third type of plane models — namely vertex or point surfaces. However, 
the question is: what are the physical models of such plane point surfaces and how to transform them 
from planar into spatial position? 

Firstly, the point set must be topologically connected in order to work like a continual model of a plane 
point surface. Secondly, the connecting structure must provide the points with possibility of free 
movement and let them stay relatively independent of each other. At first glance these two demands movement and let them stay relatively independent of each other. At first glance these two demands movement and let them stay relatively independent
contradict each other, but actually only topologically connected structure can provide the point set with 
some sort of functional discontinuity and freedom. 
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For example, a good approximation of a piece of point surface is a fabric of woven elastic or flexible rods For example, a good approximation of a piece of point surface is a fabric of woven elastic or flexible rods For example, a good approximation of a piece of point surf
like surface of a basket of fresh twigs (Figure 5). However, this structure functions like a linear model of 
a plane because its transformation into a fragment of spatial surface is a result of deformation of rods and 
not of points movement. Consequently, a fragmentary model of a point surface does not guarantee its 
behavior as a demanded plain vertex model, because the most important part – namely the structure – is 
missing. 

Figure 5 A model of point surface made of woven elastic and flexible rods

There is a natural phenomenon connected with flexible-elastic tissues called resilience (ital.) in bio-
mechanics [6]. Resilience is defined as a certain quality of elastic energy, accumulated in a material of a 
structure without causing any damage to it. Natural string-like flexible-elastic long objects, e.g. polymeric 
molecules like DNA, can wind, cross themselves and often generate circular closed form [7]. In certain 
instances this trend leads to forms of rings and knots either single or linked. Knots and links are a 
widespread and natural way of structural organization for string-like flexible-elastic long objects. 

6. Knots and topological surfaces 

My experimental research of different plain vertex models confirmed that the most natural forms of 
organizing independent point contacts into topologically connected structures are cyclic or periodical 
knots and links [8]. An elastic and flexible rod forms the elementary structure then its ends are joined 
together (Figure 6, a). As a result the rod becomes a ring (a trivial knot), and its structural stability 
depends on the ratio between the diameter of the ring and diameter of cross-section of the rod. Then the 
diameter of the ring is too large to resist the inner torsion forces in the bent rod, the ring turns into double 
nested loops known as topological solitons (Figure 6, b). If the process of loops generating is combined 
with joining together the free ends of the rod, the connected rod may be knotted in the simplest knot — 
“trefoil” (Figure 6, c). The process of “self-knotting” is very typical for long flexible-elastic strings, such 
as steel wire or fishing-line. 

Figure 6 a. A ring (trivial knot) of flexible rod. b. A double nested loop. c. A simplest knot – trefoil
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The trefoil knot is not only the simplest knot, but is also a “torus knot” because it can be placed without 
any self-crossings on the surface of a torus. A torus is a topological 2D manifolds and its genus of surface 
is equals to 1. A trefoil knot may have two mirror types – a “left” and a “right”. Each of them can be tied 
on the torus surface without self-crossings (Figure 7, a, b), but having been tied together on the same 
torus, they inevitably contact each other (Figure 7, c). As a result, it appears as an elementary knotted 
fabric on the torus surface. If both knots made of flexible-elastic material and their crossings are really 
contacting, the structure represent itself as a model of torus point surface. 

Figure 7 A left and right trefoils tied together on the same torus give contacting point.

It is important to emphasize here: the contacting points define the model of the surface — namely the 
exterior shape, and two mirror knots form its interior structure. In the same way it is possible to create a 
point surface of an arbitrary pretzel with two mirror pretzel knots of appropriate type. Analogously to 
trefoil, there are knots that can be placed on the surface of other 2D manifolds with genus more then 1 — 
the surfaces of pretzels with two or more holes in them (Figure 8). This is a universal method of modeling 
the 2D manifolds as point surfaces. 

Figure 8 Knots on 2D manifolds

The quantity of elastic energy in a knotted rod depends of knot’s topological complexity and is known 
among other topological invariants of knots [9]. And the inner elastic energy plays a key part for the knots 
used as structures of plain vertex models. Thanks to this energy, the central lines of knotted rods tend to 
coincide with a flatness, so all their crossings tend to be really contacted and form a model of flat point 
surface. 

The two mirror trefoils on the torus surface considered above also tend to collapse. If the torus itself 
disappeared, the contacting points of the two knots would place themselves in a flat ring-shaped area. And 
vice versa: a flat model of point surface, given by a cyclic knot or a link of several cyclic knots, may be 
transformed into a spatial structure and fixed in it in order to keep the received shape. 
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The main condition of the possibility to transform a cyclic knot from flatness to a spatial structure is a 
sufficient number of its contacting crossings, that is a detailed enough model of point surface. The 
number of crossing points depends of the number of loops and, consequently, of the total structural 
energy of knotted rods. Increasing of structural energy proportionally to the number of loops and the 
quantity of contacting crossings leads to a new property of knots. From the simplest knots like a trefoil quantity of contacting crossings leads to a new property of knots. From the simplest knots like a trefoil quantity of contacting crossings leads to a new propert
they grow into complicated structures. 

Figure 9 The sequence of cyclic knots derived from the trefoil

Figure 9 shows the sequence of cyclic knots started from the trefoil, that has 3 loops and 3 crossings. The 
quantity of the loops grows according to the sequence of natural numbers (3, 4, 5, 6, 7, 8 …), but the 
corresponding quantity of the crossings grows as a quadratic sequence (3, 8, 15, 24, 35, 48 …). These 
cyclic knotted structures designed specially for modeling of the point surfaces I named “NODUS 
structures” (the word “nodus” means “a knot” in Latin) [10]. 

7. NODUS structures as physical models of point surfaces 

A NODUS structure during its transformation process changes the lengths of the edges of all its facets 
and angles between them. Thanks to that ability, the structure changes its geometry as a whole and creates 
vertex or point models of the shapes with an arbitrary Gaussian curvature: parabolic, elliptic or vertex or point models of the shapes with an arbitrary Gaussian curvature: parabolic, elliptic or vertex or point models of the shapes with an ar
hyperbolic. These three types of surfaces completely exhaust all possible internal geometries of 2D 
manifolds [11]. However, as opposed to solid models of surfaces, that can not change their Gaussian of surfaces, that can not change their Gaussian of surfaces, that can not
curvatures without breaks and folds, the point surfaces of NODUS structures permit the transition from curvatures without breaks and folds, the point surfaces of NODUS structures permit the transition from curvatures without breaks and folds, the point surf
the positive Gaussian curvature (elliptic) to the negative one (hyperbolic) through the mediation of neutral 
(parabolic) curvature. 

Figure 10 NODUS-structures with elliptic, hyperbolic and combined surface curvatures 

The same NODUS structure can take the shapes of an elliptic (Figure 10, a) and a hyperbolic 
(Figure 10, b) curvature. The torus shape (Figure 10, c) is a combination of these two types of curvatures 
together with two intermediate areas of parabolic curvature. It is possible also to create many other 
shapes, including asymmetrical and combined ones (Figure 11 a, b). 
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Figure 11 Different shapes of NODUS structures

Apart from the transformation of NODUS structures that change the sign of its curvature and can be Apart from the transformation of NODUS structures that change the sign of its curvature and can be Apart from the transformation of NODUS structures that
named “qualitative transformation”, there is another kind of transformation — the “quantitative” one. 
This transformation happens as a gradual changing of numerical value of Gaussian curvature of point This transformation happens as a gradual changing of numerical value of Gaussian curvature of point This transformation happens as a gradual changing of
surface from its minimum to a maximum value without an alteration of the curvature sign. The minimum 
value of Gaussian curvature may be equals to zero, and in this case the point surface of a NODUS 
structure approximates a piece of flatness. Its transformational process represents a continual sequence of 
changing shapes, for example from spherical segment through hemisphere to sphere (Figure 12, a-f). This 
process of transformation is reversible. Changing its shape, the NODUS structure accumulates elastic 
energy and strengthens itself. Any spatial position may be strictly fixed by limitation of the structure’s 
kinematics ability. In this case a transformable NODUS structure will be turned into a stable one. 

            

                
Figure 12 Transformation of a NODUS structure as a continual sequence of changing shapes
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8. Conclusion 

The polymorphous kinematical properties of NODUS structures give to an architect or a designer a 
suitable tool not only for finding the demanded form in space, but also for “tuning” it in the environment. 
It is possible to envision in advance the script of development of planar point model into a model of a 
surface in 3D space by different dispositions of modular structures on a plane, by choice of their 
connections and by space stratifications of contact point groups. Being essenconnections and by space stratifications of contact point groups. Being essenconnections and by space stratifications of contact tially independent of a 
computer, the given method of form-finding and modeling of surfaces can be presented also in a virtual 
aspect by mean of creation of special computer programs or adapting already existing 3D editors. The 
algorithmic method of the analysis of the arranged point sets merged by connected intermediary structure, 
allows to speak about a uniform method for both virtual and physical modeling of surfaces in 3D space. 
The physical nature of form-generating polymorphous NODUS structures allows to consider them also as 
a basis of real-size kinematical architectural structures (Figure 13, a-c) [12]. 

Figure 13 A test model of a large-sized NODUS-structure
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Abstract

In an effort to better understand the connections between art and science we can trace a particular path through the

history of an endeavor common to both domains: representing the human body. Each discipline brings its own goals

and techniques for dealing with this problem. There are frequent exchanges between the disciplines and thus we find

moments of reconciliation between the different approaches. The universality of the language of visualization

deserves some of the credit for this communication as does the prevalence of analogy in the scientific study of the

human body.

Introduction

Samuel Edgerton argues that Giotto's revolutionary approach to pictorial representation played a

fundamental role in the development of modern science [1]. The ability to accurately represent objects in

space was a catalyst for scientific development. In particular, Edgerton chronicles early treatises

containing drawings of machines and maintains that what these medieval illustrators were struggling with

was being solved in the realm of art. Early machine drawings exhibited a naive “squashed view”

appearance due to the instinctive tendency to show each part from its most characteristic angle. These

were not working drawings showing scale and spatial relationships from which precise replicas could be

made and thus would only be useful to those already familiar with similar components. The development

of linear perspective in the fourteenth and fifteenth centuries and its subsequent use by illustrators of

mechanical treatises was the key to breaking free from these medieval difficulties.

Massimo Scolari [2] looks at medieval treatises by the same authors (Villard d'Honnencourt, Guido da

Vigevano, al-Jazari, Giovanni Fontana, Taccola, and Giorgio Martini, among others), but comes to a

strikingly different conclusion:

The problem of drawing machines is not how to make them appear in space, but how to

diagram the function, how to show the convergence of forces on the connections. That is,

how to show the cinematic credibility of the whole and to represent the function, a

dimension that has nothing to do with the object in space. The space of the object, in

which the machine functions, must abandon the usual convergent vision of Greco-

Hellenistic illusionism [italics added].

What Edgerton sees as a struggle, an inability to express, Scolari sees as a conscious choice for the

language most appropriate for describing mechanical objects. They are both correct in their own way, but

it is interesting to trace the interaction and, at times, the reconciliation of these two viewpoints through

history. The chronological progression, and thus the suggestion of progress, from the Middle Ages to the

Renaissance and on to the Scientific Revolution is not really the issue. As we will see, different

representations can elucidate different aspects of a complex structure.

Our primary concern is with the human body. The analogy of the body as a machine has a long history,
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and has been critical to much of the communication between science and the visual arts. The degree to

which this analogy is taken literally will vary, but the recurring theme is to consider Edgerton's and

Scolari’s views about machines in terms of the human body: the representation of the body in space

versus the diagramming of its function.

The Body in Space

The struggle to realistically depict the body in space was a critical part of the progression of realism from

the medieval period onwards. Giotto's depiction of the body was not especially different from, say,

Cimabue's, but the way he situated bodies in space was radically different. The development of linear

perspective during the Renaissance facilitated the depiction of the body in space. Indeed, the

“mathematization of space”, as Panofsky called it [3], is directly concerned with the situation of objects in

a spatial grid. Piero della Francesca's Flagellation of Christ is one of the primary works referenced in this

regard. However, Piero's meticulous plotting of the human head (Figure 1) in his treatise De prospectiva

pingendi [4], brought a mathematical system for situating the human body in space directly to the body

itself. He begins his treatise with basic perspective constructions for foreshortened ground planes and

geometric solids. However, he later turns to the problem of representing increasingly complex forms that

do not easily submit to linear perspective projection: a ring with 96 facets, column capitals, and the

human head. His “Other Method”, developed to accomplish this task, is a remarkably sophisticated

technique based on plan and elevation views predating the similarly constructed descriptive geometry of

Gaspard Monge by some 300 years.

Whereas others chose to geometrize the human form by reducing it to polyhedral components, Piero

instead resolved the head into 130 points. These points were selected to lie on eight horizontal rings on

the model's head, with sixteen points on each ring evenly spaced at 22.5-degree intervals (plus two

additional points for the nose). Plan and side elevations of the marked head, which include the location of

the picture plane and of the observer's eye, are given. In these two drawings, sight lines can be taken from

the eye to each numbered point, and the intersection with the picture plane noted. The horizontal and

vertical picture plane coordinates of each point thus obtained are transferred to “rulers” at the bottom and

along the sides of the space designated for the final projection, and each point located therein to produce a

perspective image of the head. A question remains: faced with the physical reality of the head in space,

how did Piero generate the plan and elevation drawings, which lie at the heart of his Other Method? He

needed to obtain three-dimensional coordinates of each marked point. Based on the distribution of the

points, Evans [5] postulates that Piero may have used a sculptor's instrument, the finitorum. This radially

divided disk was placed on top of the model's head and had a fulcrum extending from its center from

which a plumb line was hung. Using this device, the points could first be accurately placed on the head

along evenly spaced meridians, and their distances from the plumb line measured. In this way, polar

coordinates for the points in plan would be obtained. As the points lie on eight horizontal sections, it

would be a simple matter to determine the vertical coordinates.

With his “Other Method”, Piero could produce any view desired simply by changing the position of the

eye and the picture plane. Any view, that is, of the head positioned as originally measured. This highlights

a major weakness of Piero's Other Method: it treats all forms as rigid statues, whereas bodies in the flesh

change shape as they move. When a head tilts upward, as in Figure 1, the front of the throat will stretch,

while the back of the neck will be compressed. Interestingly, we can observe that Piero attempted to

compensate for this by modifying his projection slightly. The lower rings of points are not all plotted

along the straight lines superimposed on the head in Figure 1, but rather can be seen to curve upwards as

they approach the back of the neck.
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The Italian neoclassical sculptor Antonio Canova (1757-1822) also made use of a constellation of points

to reproduce the human body. Canova reintroduced to sculpture the use of full-scale plaster models,

which he marked with numerous metal points to aid in carving a final form in marble. Both the plaster

cast and the block of marble were placed under a wooden framework from which plumb lines were hung.

The technique used for locating the points on the marble is analogous to the use of the finitorum described

above: Canova’s assistants used giant calipers to measure the distances from each marked point to the

plumb lines and roughed out the marble accordingly [6]. These plaster models, the versions most directly

tied to Canova’s hand, are also the most striking. The system of black points on the white plaster

oscillates between being immediately identifiable with the portrait (they are attached to the surface) and a

condition in which they read as an abstract spatial system in which the plaster sits, heightening the feel of

its situation in space.

The Body as Machine

In the Introduction, the focus was on machines and their graphical representations. Edgerton and Scolari

were concerned with machines as practical devices and hence their representation was also seen as a

practical issue. In this section we will consider the machine as an abstract concept tied to the idea of

imitating nature and its use as a theoretical device. In I filosofi e le macchine [7], Paolo Rossi affirms that

“the product of art, the machine, serves as a model for conceptualizing and understanding nature.”

The prevalence of a mechanical model of the body is not surprising considering that motion was not

always considered to be solely a topic of physics. Prior to the seventeenth century, motion was still an

awesome mystery and the domain of living things: if it moved (stars, ships, men) it lived. This mystical

characterization of motion, though it persisted into the Renaissance, began to fade soon thereafter.

Scientific theories about motion, and animate motion in particular, became central intellectual issues in

the early seventeenth century. This is described by Julian Jaynes:

Even before Galileo disengaged the physical problems of mechanics from this mystical

confusion, Fabricius separated out the biological problems of animate motion. He failed

to find a solution, but succeeded in correlating animal motion with environment in a

remarkably prescient way. Harvey also struggled with the problem but made no advance

Figure 1: Piero della Francesca, Orthographic projection of a

tilted head, from De prospectiva pingendi, Reggio Emilia,

Biblioteca Panizzi, Mss. Regg. A 41/2.

Figure 2: Antonio Canova,

Self-portrait, plaster, Gipsoteca

Canoviano, Possagno, Italy
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in it whatever. What was needed was a new metaphor or paradigm for animal motion,

one that would differentiate it from the motion of physics. And this, as I have shown, was

supplied by Descartes' analogy of organisms with hydraulic sculpture [8].

Jaynes hypothesizes that Descartes' inspiration for this hydraulic model came from the two years (1614-

16) that he spent in Saint-Germain, outside of Paris. He frequently visited the royal gardens, which

included subterranean grottoes containing a mechanical organ, singing birds, and hydraulic statues that

moved, danced, and even spoke. The degree to which Descartes took the body-machine analogy literally

is astonishing. Artificial objects for him were in no way inferior to natural ones:

There is no difference between machines built by artisans and the various bodies found in

nature except for one: that the effects of the machine depends on tubes and springs and

other instruments that, by necessity having some relationship with the hands of their

constructor, are always sufficiently large to make them and their movements visible,

while instead the tubes and springs that produce natural effects are generally too small to

be perceived by our senses [9].

A central intellectual topic of the seventeenth century was the problem of describing the flow of blood in

the body. The prevailing theory was due to the second century physician Galen who identified two kinds

of blood, venous and arterial, each with distinct and separate functions. Venous blood was thought to

originate in the liver and arterial blood in the heart; the blood flowed from those organs to all parts of the

body where it was consumed. William Harvey proved this model was incorrect by simple calculations on

the volume of blood that would need to be produced to satisfy this constant consumption. Descartes’

hydrological analogy set the stage for Harvey's discovery of the human circulatory system. Harvey

studied at the University of Padua, an institution famous throughout Europe primarily for its faculty of

medicine (e.g. Vesalius, Fallopius, and Harvey's teacher Fabricius). Hydraulics was also a prominent field

of study in Padua. Galileo, a professor of mathematics at Padua, was particularly influenced by the field

of hydraulics, as were many other mathematicians at the university. This was partly due to Padua’s

association with the Venetian republic and its considerable hydrological engineering needs. The

importance of hydrologic study made drawings of machines ubiquitous. Pagel suggests that these

drawings influenced Harvey's discovery [10]. The visual nature of this knowledge made it possible to

influence scientists from other disciplines. Thus Harvey the anatomist was influenced by the hydrological

work of mathematicians.
1

Harvey's celebrated discovery guaranteed the prominence of the machine analogy in any field concerned

with the study of the human body. The mechanistic conception of the body was long-lived, though Fritjof

Capra argues that Harvey's discovery was its greatest success [11]. The theory found its most elaborate

expression in Julien Offray de La Mettrie’s Man a Machine (1747). La Mettrie abandoned the mind-body

dualism of Descartes, denying that humans were essentially different from animals and compared the

human organism, including its mind, to an intricate clockwork. La Mettrie's work remained influential

well beyond its time. That the debate over mechanical physiology has entered into the twentieth century

can be deduced from the titles of the following works:

E. Rignano, Man Not a Machine, A Study of the Finalistic Aspects of Life,1926.

J. Needham, Man A Machine, in Answer to a Romantical and Unscientific Treatise,1928.

                                                  
1 Harvey was an Aristotelian thinker, and his discovery was also due to his belief that circular movement is the noblest type, and

that the microcosm of the body parallels the macrocosm of the earth. In De Motu Cordis et Sanguinis (1628), he writes, “this

motion [of the blood] we may be allowed to call circular, in the same way as Aristotle says that the air and the rain emulate the

circular motion of the superior bodies... [T]he heart, consequently, is the beginning of life; the sun of the microcosm, even as the

sun in his turn might well be designated the heart of the world.”
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“Mechanism and materialism”, Needham wrote, “lie at the foundation of scientific thought.” He explicitly

includes the mind: “I by no means accept the opinion that the phenomena of the mind are not amenable to

physico-chemical description. All that we shall ever know of them scientifically will be mechanistic.”

Anatomical Drawings

The content of the previous two sections was largely independent: artists were primarily concerned with

the issue of the body in space, and scientists with describing the function of the body. We will now look

at the interaction of these two conceptions of the body. The conflict between the depiction of the body in

space and the diagramming of its function is especially evident in the history of anatomical drawing. The

creation of many anatomical treatises involved collaborations between the anatomist and the artist hired to

make the depictions. The difficulties often revolved around issues of objectivity and creativity.

These artist/anatomist collaborations, though the most typical, stand in contrast to a famous one-man

operation: Leonardo da Vinci. His earliest anatomical drawings, a series of skull sections from 1489, are

masterpieces of naturalism and detailed description.
2
 In this case he sought to geometrize the space of the

skull, placing it on a grid, in an attempt to locate the soul at the point where the horizontal and vertical

axes cross [12]. In addition, he relentlessly explored and invented many new techniques for anatomical

illustration such as the use of transparent portions to reveal underlying structures, linear diagrams to

represent the spatial relations of the internal muscles of a limb, the depiction of systems in isolation, the

use of wash to enhance relief, cavities illustrated through wax injections, and multiple views of a single

structure. These show a concern with both structural and functional aspects of human anatomy.
3

Andreas Vesalius' De Humani Corporis Fabrica (1543) is the most influential anatomical text in history.

It predates Harvey's discovery of circulation by 85 years, but it too provides many challenges to Galen's

theories. Like Harvey's work it is based on dissections carried out in Padua. In some of the illustrations in

the Fabrica, major organ systems are shown in isolation. Description through subtraction is therefore one

technique for diagramming function. In contrast to a proliferation of views, Vesalius used an ingeniously

economical method, as described by Martin Kemp:

Two factors have changed between one plate and the next: progressively deeper structures

have been revealed by the removal of the overlying tissues; and the three-dimensional

relationships of the various parts have been clarified by the ingeniously controlled changes

of pose. Vesalius’ system is beautifully economical. In co-operation with his draughtsman,

he has brilliantly been able to reconcile his wish not to tax the reader with an excessive

number of plates with an amazingly fluent and complete description of human musculature,

from various aspects and according to the attachments of each muscle [13].

Naturally, there is the problem of being able to see function clearly in the midst of messy, organic

complexity. Anatomists have differed as to where they feel most comfortable along the continuum from

idealized and simplified to highly detailed and particular. Vesalius preferred a somewhat “exaggerated

style which increased the prominence of curves and thickened tendons to manageable widths” [14].

                                                  
2 Even so, Leonardo sometimes depicted fictitious structures based on accepted theory rather than direct observation. His skull

sections show a hollow spinal canal, as current reproductive theory held that generative power was transmitted through the spine.
3
 Leonardo compared the heart to a stove that heats and propels the blood through the veins. His was interested in understanding

the action of liquids, and was hired as a hydraulic engineer in Milan and Florence. His understanding of hydraulics was applied in

his drawings of an ox heart, and Ackerman [12] suggests that had his observations on the heart been known to others, it might

have led to an earlier discovery of circulation.
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Two centuries later, the German anatomist Bernhard Siegfried Albinus chose to synthesize the

information from many dissections into one representation, thus avoiding anomalous features with the

goal of achieving something akin to a Platonic ideal of the body. Somewhat paradoxically, Albinus

insisted on precise measurements even while aiming to create an ideal amalgam. Believing in the virtues

of parallel projection, he approximated an infinite viewing point by measuring each form from a great

distance, usually forty feet. Of course, from such a distance the artist could not see the necessary details.

Albinus's solution involved using two string

grids, one placed immediately in front of the

form and the second - with squares ten percent

smaller – placed four feet away. In this way,

when the artist stood at the proper viewing

distance of forty feet he would see the squares of

the two grids line up exactly. When he needed to

inspect the form up close for details, he could

stand just behind the second grid, taking care to

position himself such that he saw the two grids in

alignment locally at the point of interest. In this

way, the artist would ensure that his eye was on

the sight line from the point of interest to the

“proper” viewing position forty feet from the

figure.
4

This mixing of a global parallel projection with

perspectival details can be seen in many places in

the history of art as well. In his Polaroid photo

collages from the early 1980s, David Hockney

pieced together close-ups of the subject to create

a view having a larger visual field. Although

these portraits are made up of small, up-close

photographs, they have an implicit viewing

distance (irrespective of whether the implied

distance point is beyond the confines of the

room, or whether Hockney ever physically stood

in that place). The fact that Albinus's drawings

were the result of multiple dissections only

emphasizes their affinity with Hockney's

portraits. There is also the subject of perusal time

                                                  
4 There are several erroneous accounts of Albinus’ double grid method in the literature. Both Kemp [15] and Daston and Galison

[16] tell us that the first grid was positioned four feet from the subject, as opposed to being essentially attached to it. Kemp

correctly describes the position of the second grid as at a distance of four feet from the first, but defines the proper viewing

position for the artist to be forty feet from the figure, rather than forty feet from the first grid. Daston and Galison have Albinus

positioning the second grid at forty feet from the skeleton and do not mention any difference in size between the two grids. The

artist is then mysteriously positioned “precisely at that point where struts of the grids coincided to the eye”. Even under the

assumption that the authors intend to have the second grid be ten percent smaller than the first, this would place the artist 364 feet

from the specimen. There is no mention of the artist moving closer to record details. Elkins [14], although correctly indicating the

positions of the two grids, describes the second grid as having squares ten times smaller than the first so that the artist standing at

the proper spot would see “a grid of squares, with the center square divided into eighty-one smaller squares”. Elkins only

mentions the artist using the larger grid when he came forward to record details. Choulant [17] gives essentially the same account

as Elkins. Of these four sources, only Kemp correctly describes the raison d'etre of the double grid set-up: to record details from

a consistent viewing direction by visually aligning the two grids. Albinus’ own description of his method in his Tabulae sceleti et

muscolorum is clearly explained.

Figure 4: David Hockney,

Kasmin Los Angeles 28th March 1982,

Composite Polaroid, 1982.
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that the artist shares with the viewer: they both consider details of the portrait in succession. This happens

with a standard portrait as well, but the connection is made explicit here. However, Hockney's portrait

differs from the stereotypical cubist portrait, which often includes observation of the subject from many

different viewing angles. There is an adherence to a standard viewing direction, as in the typical

Renaissance framework, even if the viewing distance is possibly infinite. This creates a spatial credibility

to this albeit cubist portrait. Thus, in this framework time has been added (and hence the possibility of

describing function) but the relation to space is not compromised as it is in the standard cubist approach.

The Cinematographic Trend

There are two aspects of the multiplicity inherent in machines that require special techniques for their

representation: a multiplicity of parts, and the multiplicity of positions in their motion. These additional

dimensions of information complicate the graphical description. One approach to this problem is the

axonometric drawing. An axon is similar to a perspective drawing except that there are no vanishing

points: lines parallel in reality remain parallel in the representation. The perspectival view is a snapshot, a

preferred view of a single moment in time. This is not so for the axonometric, despite its (apparent)

similarity. There is no perspectival diminishing in size. Every part of the drawing is seen, it seems, from

the same distance. This uniform treatment of space makes the axonometric more adept at describing the

multiplicity required in mechanical drawings. In fact, any parallel projection (plan, elevation,

axonometric), if not quite cinematic, can be interpreted as a record of multiple points in time. A drawing

in which every location is equally important suggests a way of viewing that mirrors its creation: a

deliberate consideration of many parts. So, despite its close affinity with perspective drawings, an axon is

a particular organizational scheme for multiple viewpoint drawings. It is better organized spatially than a

medieval “squashed view” drawing which amounts to approaching each piece and drawing it from its

most characteristic angle (more like a cubist Picasso than Hockney's Kasmin). The rules of an

axonometric permit looking around, but insist on a consistent viewing direction. This comes at a cost,

since each piece cannot be considered from its characteristic angle. The resulting reconstruction has more

in common with the actual spatial setting than the squashed view, which is very unspatial but is perhaps

better at diagramming some functions.

There are different multiplicities that a drawing may need to describe, so an axonometric is not

necessarily the ideal solution. For an architect mentally walking through a structure, the use of plans,

elevations, and axonometrics is ideal. Different points in time correspond to different locations in space

and these parallel projections offer a systematic and spatially consistent way of arranging that experience.

When the “experience” is different, say walking around a body for a portrait, the axonometric may no

longer be the most appropriate way to handle the multiplicity. Leonardo's anatomical descriptions of the

human shoulder required a more cinematic view. The different views are juxtaposed with an implied

horizontal time axis. Leonardo was determined, through creative combinations of sections with

transparent and multiple views, to demonstrate every anatomical detail. Not willing to compromise his

visually exhaustive goals, he moved from three or four right-angle views (parallel projections), to a

cinematographic technique of a series of drawings from continuously changing viewpoints, showing eight

views of the shoulder and indicating his intention to show eight more.

The issue is the trade of “spatial” dimensions for “time” dimensions in a drawing. The description of

human motion encounters similar problems. The kinetics of the human body took longer to become

accepted in medical practice, lagging behind anatomy and pathology. Leonardo, however, was

particularly interested in this issue. In the sixteenth century Carlo Urbino, in what has become known as

the Codex Huygens, translated Leonardo's verbal descriptions of these kinetic possibilities into graphic

form. Panofsky has described this extraordinary series of twenty-one drawings as cinematographic -

foreshadowing the modern cinema and “multiflash photographs” [18]. Indeed, with the invention of

photography new possibilities arose, but the same issues of letting time and space coexist in an image had
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Figure 5: Wilhelm Braune, Color lithograph of

sagittal section, from Topographisch-anatomischer

Atlas, nach Durchschnitten an gefrornen Cadavern,

Leipzig 1867-1872, Table II.

not changed. The first to use photography scientifically to investigate locomotion was Etienne-Jules

Marey (in the 1870s). His photographs of humans and animals in motion were taken using a single

camera with multiple exposures recorded on a single photographic plate. Eadweard Muybridge's studies

of animate motion, in contrast, primarily involved several distinct plates that were then juxtaposed.

Christian Wilhelm Braune and his student Otto Fischer adapted Marey's photographic method to further

analyze the human gait, resulting in the seminal Der Gang des Menschen (1895). Braune and Fischer's

unique method involved dividing up the human gait into thirty-one distinct phases and marking eleven

key points on the body (heads, shoulders, wrists, hips, etc.) with luminescent tubes. After constructing a

photographic representation of the pathways these points made during locomotion, they laboriously

represented the pathways in a three-dimensional coordinate system, and calculated the corresponding

velocities and accelerations. These calculations were also made for the body's center of gravity. All of this

information was then used to determine the fluctuations of floor pressure, and hence of force, involved in

the thirty-one phases of the gait. They ascertained the effective force behind locomotive performance with

its several components (swing, propulsion, and restraint), all represented by the fluctuation of the floor

reaction [19].

This is an excellent example of the coexistence of the body-in-space and body-as-machine approaches.

Their method required finding the body's center of gravity - a spatial problem - to solve a diagramming-

of-function problem. To find the body's center

of gravity, Braune and Fischer first found the

sagittal, frontal, and transverse planes of its

location in a frozen cadaver. The body was then

sawed along these planes, “much in the same

way two workmen would saw the trunk of a

tree” [20] to locate the center of gravity at their

point of intersection. Braune similarly used

frozen specimens to produce his incredible

cross-sections of the human body, perfecting

the sawed cut with a razor blade and drawing on

tracing paper laid over the frozen surface. In

contrast to Leonardo's “imagined” skull

sections, Braune's sections make no use of

drawing conventions to help elucidate and

“diagram the function”. They are so precise

they essentially obfuscate function. Here we are

speaking of function in the sense of internal

organs. He did address this problem, however,

by making some of his sections - particularly of

the head - at oblique angles (Figure 5) since

purely sagittal, frontal, and transverse sections

are “not sufficient in organized bodies [as

opposed to geometrical solids], even if one

divided such a body into as many thin laminae

as possible.” [20]

Remote Sensing

Roentgen’s development of X-rays in the late nineteenth century was a spectacular achievement in the

imaging of the body: the ability to see inside a living body. However, we must recognize the somewhat
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prosaic geometric nature of the X-ray; what we obtain is nothing more than a shadow of the body.

Mathematically it is a triviality. In fact, a century or more had passed since the development of

mathematics had paralleled the development of imaging (the mathematics of the camera, of course, is

fundamentally Euclidean).

Let's return to Braune’s sections, and consider them purely as images of the body. They are spatially

perfect in the sense that, though two-dimensional, they are precise one-to-one representations of the body

- literally a trace of the body. Modern computed tomography (CT) imaging of the body is the natural

successor to Braune’s images and the X-ray. These machines allow us to image the inside of a living body

in as many thin laminae as we desire (tomos graphos means “to draw the slice”). The CT images are by

mathematical necessity composed of (typically transverse) sections. Only much later would they be

assembled to obtain an image of the reconstructed body in space. Braune’s drawings thus come close to

modern medical imaging and the body in space becomes relevant again in the scientific study of the

human body.

It is worth digressing for a moment to discuss the construction of the CT sectional images. As we are

dealing with a living body, sawing is out of the question. The ability to construct the visual slice (a flat

image) relies on a very roundabout procedure. A procedure that is, ironically, the most extreme of cubist

multiple viewings. The “black box” of the body necessitates that we can only see averages. In other

words, we are allowed to direct rays through the body and measure their diminution on the other side.

What is unknown is the arrangement of the density inside the body. If the image of the slice is thought of

as a mapping of the density function of tissue, then what we can record are simply averages (integrals) of

this density. We know the total density of the material that this ray passed through by inference from how

weakened it emerged on the other side of the body, but know nothing, yet, of the arrangement of this

material. The key to the ability to reconstruct the inside of the body is the cubist’s freedom to move

around the body and measure the energy diminution from every “viewpoint”. With the entirety of this

collection of data we obtain a solvable mathematical equation where the unknown is the function

describing the internal density of the body. This is analogous to a magic square: one is told that a 3x3 grid

of numbers has the property that every row, every column and each diagonal sums (integrates) to a

specific number. But only after some mathematical gymnastics (or guesswork) can you begin to tell

something about what is inside that square.

The continuous version of this problem is obviously much more difficult. Its solution was provided by

Radon in 1917 [21]. At the time it was simply a mathematical problem. A half-century would pass before

the technology permitting its application to medical imaging would become available. Issues pertaining to

the actual body scans gave rise to more mathematical problems. Restricted angle tomography, for

example, concerns reconstruction from data limited to a particular range of “sight” angles. Mathematical

development along with technological advances allowed for the theory to be exported to other disciplines.

The ability to reconstruct from limited data (and work from reflections) allows for applications to

obtaining images from below the earth’s surface (e.g., archaeology, oil exploration). The notion of remote

sensing (seeing where one cannot physically go) has many other extremely powerful applications. One

application involves a recent interest in mapping the channels of the Venetian lagoon for the MOSE

project, which will attempt to protect Venice from the acqua alta.

The medieval (and Renaissance) perception of the earth was that of a living organism in complete analogy

with the human microcosmos. According to Leonardo,

If a man has a lake of blood in him whereby the lungs expand and contract in breathing, the

earth's body has its oceanic sea which likewise expands and contracts every six hours as the

earth breathes.
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We have made a cycle in our description of imaging techniques and their relation to the study of the

human body. The hydrological problem of managing Venetian tides and canals in the 17th century

indirectly inspired Harvey in his discovery of the circulatory system of the human body. The medical

field in turn developed computerized tomography and these ideas, in their maturity, were exported back to

geography to help solve the current hydrological problems facing Venice.
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Abstract

The architectural design of places where substantial numbers of people gather must consider the need for 
evacuation under emergency events, such as fires. In this work, simulation of the evacuation of people concentrated 
in buildings or other enclosed spaces under such emergency situations is addressed. The movement of people 
during evacuation is simulated by using techniques borrowed from swarm behavior, particularly PSO (Particle 
Swarm Optimization). Some practical examples have been considered, which take into account location, 
dimensions, and number of exits. Application of these techniques allows for assessment of the behavioral patterns 
of individuals during rapid evacuation events. Evaluation of these behaviors can inform a variety of public safety 
concerns, such as architectural design, evacuation protocol definition, and regulation of public space. 

Introduction 

Many models have been developed to provide designers with methods for forecasting the time required 
for evacuation from various places under a variety of conditions [1-4], e.g., evacuation from ocean-going 
ships [5]. Particularly for high traffic buildings or buildings of cultural, governmental, or industrial 
importance, it is necessary to properly evaluate and plan for the necessary evacuation time [6]. 

To address this need, a number of models for pedestrian simulation have been developed over the 
years in a variety of disciplines (computer graphics, robotics, evacuation dynamics, etc.). These models 
can be classified into two subsets: macroscopic and microscopic models. Macroscopic models focus on 
the system as a whole, while microscopic models study the behavior and decisions of individual 
pedestrians and their interactions with other pedestrians in crowds [7,8]. 

In this work, a semi-macroscopic model is proposed, based on Particle Swarm Optimization (PSO), 
for evacuation simulation and for estimating evacuation times from buildings. The multi-agent-based 
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simulation characteristics of PSO and the way this technique combines individual and collective 
intelligence make it suitable for this problem. The PSO-based model presented here allows for assessment 
of the behavioral patterns followed by individuals during a rapid evacuation event. This information 
would be of great help for many purposes, such as architectural design, development of safety protocols, 
regulatory practices for spaces, etc. 

The paper is organized as follows; first, a description of the PSO algorithm is presented, and its 
different elements are identified in relation to the problem under consideration. Next, some results of 
application to the evacuation of people from a simple area are presented. Finally, some conclusions 
summarize the paper. 

Description of PSO 

Particle Swarm Optimization is an evolutionary computation technique that was first developed by 
Kennedy and Eberhart [9]. Their original idea was to simulate the social behavior of a flock of birds 
trying to reach an unknown destination (fitness function), e.g., the location of food resources, when flying 
through the field (search space). For the problem considered here, the destination would represent any of 
the exits from the confined spaced under study. In PSO, each problem solution is a bird in the flock and is 
referred to as a “particle,” which, for the purposes of the present study, also refers to each person fleeing a 
public space. Initially, a number of particles are randomly generated. Then, particles evolve in terms of 
their individual and social behaviors and mutually coordinate their movement towards their destination 
[10]. 

The i-th particle, an element of the considered problem, is represented by its location in an N-N-N
dimensional space, where N corresponds to the number of variableN corresponds to the number of variableN s of the problem. Although we consider 
here only two- or three-dimensional problems, the algorithm can be extended in a straightforward manner 
to any dimension. In general, any set of values of the N variables determining the particle locations N variables determining the particle locations N
represents a candidate solution for the optimization problem. 

During the process, each particle i is associated with three vectors: 

its current location 

t
21 ,...,, iNiii xxxX ;               (1) 

the best location it has reached so far,

t
21 ,...,, iNiii pppPiPi ;               (2) 

and its velocity, which enables it to evolve to a new location, 

t
21 ,...,, iNiii vvvViVi .                (3) 

Also, in each cycle (iteration), the particle that best fits the objective function is obtained; its 
location, Pg, plays an important role in the calculation of the evolution of movement of every other bird. 
This strategy can be changed by considering other topologies regarding the communication ability of the 
particles. In the model that we consider here, the evolution of the particles is defined in the following 
way. 
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In a coordinated manner, each bird evolves by changing its location: 

newXinewXinewX  = currentXicurrentXicurrentX  + newVinewVinewV ,                        (4) 

with updated new velocity: 

newVinewVinewV  = ·currentVicurrentVicurrentV  + c1·rand( )·(rand( )·(rand P( )·(P( )·( i – currentXicurrentXicurrentX ) + c2·rand( )·(rand( )·(rand P( )·(P( )·( g – currentXicurrentXicurrentX ),   (5) 

so that it accelerates towards both its best position, Pi, and the best position obtained so far by any bird in 
the flock (best global position), Pg.

This enables each bird to evolve in the space from its new location. In general optimization 
problems, the process is repeated until the best bird reaches a certain desired location. In the problem problems, the process is repeated until the best bird reaches a certain desired location. In the problem problems, the process is repeated until the best bird
considered here, in each step, the best particle is taken out of the pool if it has reached the exit, and the 
process continues by selecting a new best particle until the last person has left the area under 
consideration. This ends the process. 

It is worth noting here that, according to the description above, the process involves not only 
individual intelligent behavior but also social interaction. This way, birds learn both from their own 
experience (local search) and from the group experience (global search). 

In Equation (5), c1 and c2 are the acceleration constants, and they represent the weighting of 
stochastic acceleration terms that pull each particle simultaneously towards its best-ever reached position 
and the best global position. These constants are also sometimes referred to as learning rates or factors. 
rand( ) is a function generating uniform pseudo-randrand( ) is a function generating uniform pseudo-randrand om numbers between 0 and 1. Note that both rand( ) rand( ) rand
numbers in (5) are independently generated.  is an inertia term, proposed by Shi and Eberhart [10], that 
controls the impact of the velocity history in the new velocity, provides improved performance in a 
number of applications, and can be suitably adapted during the calculation process. This operator allows a 
balance between local and global behavior and typically decreases with time, so global activity is favored 
initially, but this trend is shifted towards local actions as the solution process evolves, resulting in fewer 
iterations on average to find an optimal solution. 

Particle velocities on each dimension are confined to minimum and maximum velocities, which are Particle velocities on each dimension are confined to minimum and maximum velocities, which are Particle velocities on each dimension are confined
user defined parameters to prevent excessive roaming: 

VminVminV ViViV VmaxVmaxV .                 (6) 

Although these last parameters could be neglected in certain problems, they are deemed very Although these last parameters could be neglected in certain problems, they are deemed very Although these last parameters could be neglected
important for the problem treated here. They represent limits on how rapidly a normal person can move 
from one place to another. 

If the sum of accelerations causes the velocity on a specific dimension to fall out of the accepted 
range, then this velocity is sensibly limited to either VminVminV  or VmaxVmaxV . These are very important parameters 
here since they determine the resolution with which regions between the present position and the target 
positions are tried. 

Like other evolutionary techniques, PSO, in general, does not guarantee the global optimum. 
However, PSO does not need specific operators (such as crossover and mutation in the case of Genetic 
Algorithms or pheromone updating in Ant Colony Optimization, amongst others) since particles update 
themselves with internal velocity. They also have memory and receive information only from the best 
particle in history, which is a simpler mechanism of information transmission than those used in Genetic particle in history, which is a simpler mechanism of information transmission than those used in Genetic particle in history, which is a simpler mechanism of
Algorithms, for example. 
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Even though different fitness functions could be devised for the problem under consideration, we 
will use the most obvious one: measuring the distance from a particle to the exit. Formally, if E is the set E is the set E
of points defining the exit or exits, the fitness function is defined for a particle X as 

 F( F( F X(X( ) = X) = X d(d(d X(X( ,X,X E) = min{d(d(d X(X( ,X,X e), e E},            (7) 

For most sets, E is a non-linear function.  E is a non-linear function.  E

The way PSO works for the problem under consideration can be synthesized in the following 
pseudo-code: 

Generate a random population of M particlesM particlesM
Select Particle 1 as the best particle 
Repeat the next block until fulfillment of termination condition 

Determine the value of the inertia parameter 
Begin cycle from 1 to number of particles 

Start
o Calculate fitness function for Particle i
o ‘Eliminate’ particles at distance 0 from exit 
o Update number of ‘living’ particles  
o Set best particle as the one closest to exit 
o Calculate new velocity for Particle i according to (5) 
o Update position of Particle i according to (4) 

End

The algorithm will iterate until every particle has reached the exit. Total evacuation time will 
depend on how many iterations are necessary. For the next example, intervals of 2 seconds were used. 

People evacuation processes 

The simulation process implementing the algorithm and mimicking the movement of people in the area 
was developed by using Visual Studio 2005 software. A graphical interface made it possible to see 
different stages of the evacuation process. 

To test this simulation algorithm, the following scenario was considered. A flat area of 
100m 130m with only one exit along one of its sides was devised, and 100 people were initially scattered 
in this area. Then, the simulation process was set off. Figure 1 shows the distribution of people at 
different times. After 4 seconds, the random initial distribution is almost completely maintained. The 
other snapshots show subsequent evolution, which could be better observed throughout the entire 
sequence of frames.  

ISAMA 2008 - Valencia

102



Figure 1: Frames of the evacuation area at different times 

In addition to observing the evacuation patterns followed by the particles, the main aim was to 
evaluate the evacuation times for different concentrations of people. Thus, other numbers of people were 
considered, and the size and the number of exits were of interest. Figure 2 shows the evacuation time 
versus the initial number of people. 
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Figure 2: Evacuation time versus number of people 

After size of the exit was changed, new evaluations were performed. The results are shown in 
Figure 3 for comparison of the impact produced. 
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Figure 3: Evacuation time versus number of people; comparison of two different exit sizes 
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The following parameters were used for the PSO algorithm, where k represents the iteration k represents the iteration k
number:  

31c ; 22c ;                         (8) 

1ln2
15.0
k

.                        (9) 

The formula for the inertia, (9), was suggested in [11]. These parameters have been recently used 
with success by the authors in different contexts [12-16]. 

Maximum velocity was established as 1.1 m/s, and minimum velocity was established as -1.1 m/s. 
Decision on velocity values at every moment was an individual task. It was not possible for every 
represented person to move at his or her desired velocity after increasing the people density in the area, 
and it was then necessary to wait some time or to move at lower velocities when too many people were 
trying to escape using the same path. 

Conclusions

In this paper, the evacuation of people from spatial areas has been evaluated by making use of the 
simulation capabilities provided by the multi-agent characteristics of PSO. By defining a number of 
simple actions to be taken by the particles, the evacuation process from a rectangular room with an exit 
has been simulated. Based on the number of iterations needed for a total evacuation, the involved time has 
been calculated for different numbers of people and for different sizes of the exit. This information and 
the modelling process can be of great interest for architectural design, evacuation protocol definition, 
public space regulation, etc. 

For the model to be completely useful, it should be calibrated with real problems, with the intent to 
establish more detailed features related to microscopic interactions in the evacuation process. Moreover, 
this solution may be easily extended in a number of ways simply by adding new rules for people’s this solution may be easily extended in a number of ways simply by adding new rules for people’s this solution may be easily extended in a number of
behaviour and/or other weighted elements to the fitness function. For example, the presence of people in behaviour and/or other weighted elements to the fitness function. For example, the presence of people in behaviour and/or other weighted elements to the f
wheelchairs, the psychological reaction of the people, the presence of obstacles, etc. can be considered. 

The purpose of this work was to show that PSO-based model approximation can be considered 
capable of providing important insight on evacuation times and processes from different places. This 
work will be continued in the near future by taking into consideration some other possibilities, as 
mentioned above, and other structural elements, such as staircases and elevators, in order to have good 
support for simulation of people’s movements in more complex buildings or spaces. 

Acknowledgements 

This work has been performed under the support of the Grant MAEC-AECI 0000202066, which was 
awarded to one of the authors by the Ministerio de Asuntos Exteriores y Cooperación of Spain.

ISAMA 2008 - Valencia

105



References 

[1] Parisi, D.R. and C.O. Dorso (2007). Morphological and dynamical aspects of the room evacuation 
process. Physica A: Stistical Mechanics and its Applications 385(1): 343-355. 

[2] Bo, Y., et al. (2007). A Multi-Agent and PSO Based Simulation for Human Behavior in Emergency 
Evacuation. International Conference on Computational Intelligence and Security, 2007. 

[3] Antonini, G., et al. (2006). Discrete choice models of pedestrian walking behavior. Transportation 
Research Part B: Methodological 40(8): 667-687. 

[4] Seyfried, A., et al. (2006). Basics of modelling the pedestrian flow. Physica A: Statistical 
Mechanics and its Applications 368(1): 232-238. 

[5] Pérez, F., et al. (2005). Simulación del movimiento de personas. Aplicación a la evacuación de 
buques. Revista iberoamericana de automática e informática industrial 2(4): 78-88. 

[6] Casadesús, S. (2005). Consideraciones en torno a los modelos para el estudio de la evacuación de 
edificios. Doctoral dissertation. Universidad Politécnica de Catalunya (Spain). 

[7] Pelechano, N. and A. Malkawi (2008). Evacuation simulation models: Challenges in modeling high 
rise building evacuation with cellular automata approaches. Automation in Construction 17(4): 
377-385. 

[8] Parisi, D.R. and C.O. Dorso (2005). Microscopic dynamics of pedestrian evacuation. Physica A: 
Statistical Mechanics and its Applications 354: 606-618. 

[9] Kennedy, J. and R.C. Eberhart (1995). Particle swarm optimization. IEEE International Conference 
on Neural Networks, Perth, Australia, IEEE Service Center, Piscataway, NJ. 

[10] Shi, Y. and R.C. Eberhart (1998). A modified particle swarm optimizer. IEEE international 
conference on evolutionary computation, Piscataway, NJ, 1998, pp. 69-73. 

[11] Jin, Y.X., H.Z. Cheng, J.Y. Yan and L. Zhang (2007). New discrete method for particle swarm 
optimization and its application in transmission network expansion planning. Electric Power 
Systems Research 77(3-4): 227-233. 

[12] Izquierdo, J., Montalvo, I., Pérez, R. and Fuertes, V.S. (2008). Design optimization of wastewater 
collection networks by PSO. Computer & Mathematics with Applications. 
doi:10.1016/j.camwa.2008.02.007. 

[13] Montalvo, I., Izquierdo, J., Pérez, R., Tung, M.M. (2008). Particle Swarm Optimization applied to 
the design of water supply systems. Computer & Mathematics with Applications, 
doi:10.1016/j.camwa.2008.02.006. 

[14] Montalvo, I., Izquierdo, J., Pérez, R., Iglesias, P.L. (2008). A diversity-enriched variant of discrete 
PSO applied to the design of Water Distribution Networks. Engineering Optimization. 
DOI:10.1080/03052150802010607. 

[15] Díaz, J.L., M. Herrera, J. Izquierdo, I. Montalvo and R. Pérez (2008). A Particle Swarm 
Optimization derivative applied to cluster analysis. iEMSs 2008: International Congress on 
Environmental Modelling and Software, accepted. 

[16] Izquierdo, J., R. Minciardi, I. Montalvo, M. Robba and M. Tavera (2008). Particle Swarm 
Optimization for the biomass supply chain strategic planning. iEMSs 2008: International Congress 
on Environmental Modelling and Software, accepted. 

ISAMA 2008 - Valencia

106



 

The Cordovan Proportion:  

Geometry, Art and Paper Folding 

 
Antonia Redondo Buitrago 

I.E.S. Bachiller Sabuco. 

Departamento de Matemáticas 

Avenida de España, 9 – 02002 Albacete, Spain 

E-mail: aredondo@sabuco.com 

 

Encarnación Reyes Iglesias  

Departamento de Matemática Aplicada 

Universidad de Valladolid 

Avenida Salamanca, s/n – 47014 Valladolid, Spain 

E-mail: ereyes@maf.uva.es 
 

 

Abstract 

 
This article is focused mainly in dynamical proportions of the regular octagon and the Cordovan proportion. Silver 

rectangles and Cordovan rectangles play an important role in geometry and we find these ratios in tiles, mosaics, vaults 

and in contemporary paintings by Mondrian, Rotko and Dali, for example. Some figures can be built by using paper 

folding. 

 

 

Proportions in the octagon 

 
The first and most known proportion in the octagon is the Silver mean. This dynamic proportion appears 

when in a regular octagon with side L, we draw a diagonal D as in Figure 1, and we calculate the ratio of 

the lengths of them. The geometric relations lead to two algebraic equations and solving the system we 

have D/L=θ, the Silver number. Therefore the rectangle with sides D and L is a Silver rectangle. This 

rectangle models the silver proportion, which appears naturally in many shapes and figures related with 

the octagon. A complete and detailed work about the geometry of the octagon can be found in [l]. 

 

 
 

Figure 1: Silver rectangle in octagon 

 

 

The Cordovan Proportion:  

Geometry, Art and Paper Folding 

Antonia Redondo Buitrago 

I.E.S. Bachiller Sabuco. 

Departamento de Matemáticas 

Avenida de España, 9 – 02002 Albacete, Spain 

E-mail: aredondo@sabuco.com

Encarnación Reyes Iglesias  

Departamento de Matemática Aplicada 

Universidad de Valladolid 

Avenida Salamanca, s/n – 47014 Valladolid, Spain 

E-mail: ereyes@maf.uva.es

ISAMA 2008 - Valencia

107



The Golden and the Silver mean are the two first Metallic Numbers [8]. The third Metallic Number is the 

Bronze mean, and so on. This family of dynamic proportions, introduced by V. Spinadel, see [8], is 

always the solution of a quadratic equation x
2−mx−1=0, where m is a positive integer number and they 

represent the mathematical generalization of the algebraic notion of the golden number and its properties, 

see [8] and [5]. It is not yet known whether there exists a polygon for each of the metallic numbers 

representing the same role as the Pentagon for the golden number. 

Right now, we can only ensure that there is no regular polygon, in which the ratio between the length of 

any of its diagonals and the side is the Bronze number. This result was proved in [6]. 

 

But the aim of this paper is the Cordovan proportion, another important proportion in the octagon which 

is defined as the ratio between the radius R of the circumscribed circle of the octagon and its side L. This 

proportion is linked to a 45º angle. 

It can be proved by using the law of Cosines applied to the marked triangle with sides R, R and L in the 

left panel of Figure 2 that the Cordovan proportion is c=R/L=1,306562964… The number c is the so 

called Cordovan number and it is one of the solutions of the quartic equation 2x
4−4x

2+1=0. 

 

The Cordovan proportion was introduced in 1973 by the Spanish architect Rafael de la Hoz Arderius, [4], 

as a result of his investigations into the present proportions in the architecture of the city of Cordoba, 

Spain. From that date the Cordovan proportion has begun to be considered in the analysis of works of art 

and architecture. 

 

 
 

Figure 2: Cordovan number and triangle and rectangle with sides in this ratio 

 

Silver θ and Cordovan c are related by the formula c
2
 = (1+θ)/2 which is equivalent to the expression 

θ=√2c
2
. The geometric interpretation of this algebraic relation is showed in Figure 3. 

 

 
 

Figure 3: Cordovan division of silver rectangle 

 

Analogously to the Silver rectangle, we will name Cordovan rectangle to a rectangle whose sides are in 

the ratio c, for example the marked rectangle of sides R and L in the right panel of Figure 2. 
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Stars and diamonds 
 

If from all vertices of a regular octagon two diagonals are drawn connecting the vertices and leaving two, 

we get an interesting figure where we find star polygons and a series of nested octagons. 

 

 
 

Figure 4: Star polygon 8/3 inscribed in the octagon 

 

 

Figure 4 shows the star polygon 8/3 and one inner octagon. The ratio of the sides of the two octagons, 

external and internal is the Silver number, θ. Moreover, the complete shape can be obtained by the 

rotation of the Silver rectangle around the centre of initial octagon at an angle of 45 degrees. 

 

Observe that in Figure 5 the star 8/2 which is formed by two squares rotated by 45º. There also appears an 

inner octagon. This star can be obtained when the vertices of the external octagon are joined leaving only 

one vertex. We find that the ratio of the side lengths of the two octagons is the Cordovan number, c. 

 

 
 

Figure 5: Star polygon 8/2 inscribed in the octagon 

 

 

If we draw all the diagonals considered in both Figures 4 and 5, we obtain a series of nested star polygons 

and octagons of special interest in Design and Architecture, Figure 6. 
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                 Figure 6: Nested octagons                                                  Figure 7: Diamonds 

 

By intersecting two octagons, Figure 7, we obtain an interesting rhombus. We call it a rhombus 

“diamond”. This form is very important in construction, design of quilts, pavements, etc.  

 

 
 

Figure 8: Octagons, diamonds, stars, triangles and a square 

 

 

In Figure 8 the intersection of four octagons produces an inner star formed by four diamonds. Conversely, 

the intersection of two diamonds determines a four points star and an inner octagon. This star can be 

divided in a square and four isosceles triangles. It is easy to construct this star, folding a square paper.  

In Figure 9 two methods of this construction are introduced. 
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Figure 9: Four point star using paper folding 

 

In [7] some procedures and paper folding constructions of the octagon can be found. 

 

 

Notable figures in Design and Art 
 

We can find several manifestations of the Cordovan rectangle and other shown figures in Design and 

Art.The regular octagon is a figure of frequent use for its easy construction. As explained above, the 

Cordovan proportion was recognised in 1973. Therefore, since the works shown in this paper were built 

before 1973, it is not possible for the architects and artists to have consciously used this proportion into 

their works. However, it appears in all of them, as a result of using octagonal plans and rectangular 

canvases. 

 

The tiling of Figure 10 is formed with square tiles. We find a diamond in the diagonal of each square and 

four scalene triangles. We can also observe more shapes. For example, two contiguous scalene triangles 

and a diamond form a quadrilateral. Four of these quadrilaterals determine an octagon. Also we see four 

point stars as in Figure 8. The tile in Figure 11 is configured by isosceles triangles and a four points star 

inscribed in the square. The Cordovan proportion appears.  

 

   
 

              Figure 10: Tiling in Lisbon                                                  Figure 11: Tile 

 

A roman mosaic dated 160-170 A.D (2, 60 x 2, 60 m.) was discovered in Alcolea, Córdoba, Spain, Figure 

12. This is now displayed in the Archaeological Museum of Cordoba. We can see an internal octagon 

which is surrounded by eight Silver rectangles. Another external octagon is determined. Four of these 

vertices are situated over the four medallions in the corners of the mosaic. Here are represented the winds 

of the four cardinal points, Boreas, Noto, Zephir and Euro. 

ISAMA 2008 - Valencia

111



 

 
 

Figure 12: Geometry of mosaic in Alcolea, Córdoba, Spain. 

 

In Figure 12, if we consider that the side of inner octagon is 1, then the two red line segments (right) are 

equal to 2c, and the green line segments (left) become θ. The human figures are placed inside the silver 

rectangles, and their heads on the vertex of the star 8/2 which appear when extending the sides of the 

inside octagon. The depicted figures have Cordovan proportions as shown in Figures 13 and 14. 

 

 
 

Figure 13: Cordovan ratio in a silver rectangle of Alcolea’s tiling 

 

 
 

Figure 14: Cordovan proportion in a human figure of Alcolea’s tiling 

ISAMA 2008 - Valencia

112



 

The main vault of Burgos’ Cathedral is known as “Cimborrio”, Figure 15. It is configured like a star 

polygon 8/3 or octagram. Otherwise different from above to get this star is through the rotation of two 

consecutive diagonals around the centre of the octagon at an angle of 45 degrees. These rotations produce 

one central octagon surrounded by the other star (8/2) of the octagon. Figure 15 shows the series of nested 

stars and octagons. 

 

 
 

Figure 15: Geometry in the vault of Burgos’ Cathedral 

 

It is clear that the ratio between the side lengths of the nested octagons is related with the Cordovan 

number. In fact, this lengths form a geometric sequence of ratio 2c , and, consequently, the geometric 

sequence of the side lengths of stars is c , 
22c=θ , 

32c , …. (Figure 16). 

 

 
 

Figure 16: Cordovan number in the vault of Burgos’ Cathedral 

 

 

Geometry has always been used in pictorial design, but in the last 20
th
 century and at the present time it 

has become more explicit, [2] y [3]. The analysis of the proportions in several paintings of important art 

galleries in the world show that the average proportion is 1.3, which is a very close value to the Cordovan 

number. 
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Abstract 

In this work we present the construction process of a sculpture of stone of size 300cm x 260cm x 170cm  of a cubic 
surface. The mathematical design, the technical process and the artistic construction by the sculptor Cayetano 
Ramírez is presented and explained in detail. 

Introduction and motivation 

In the beginning of the 19th century mathematicians were studying the structure of algebraic surfaces in 
the projective space. Such an algebraic surface S can be defined as the set of zeroes of a homogeneous 
polynomial f in 3, that is, 

)0):::():::(( 3 tzyxfPtxyxS .
If the polynomial f  has degree three, the surface is a f  has degree three, the surface is a f cubic surface. The interest in cubic surfaces grew 
enormously after 1849, when the English mathematicians Arthur Cayley and George Salmon proved that 
any smooth cubic surface over the complex numbers contains precisely 27 lines. In order to be able to 
visualize these and many others new mathematical objects and their properties, mathematicians such as visualize these and many others new mathematical objects and their properties, mathematicians such as visualize these and many others new mathematical ob
Felix Klein and Alexander von Brill started building mathematical models. 
Between 1880 and 1935 the German companies L. Brill and M. Schilling distributed massively copies of 
these models to the universities of Europe and America. A survey of this collection with photographs of 
the models and mathematical explanations of them can be found in [1] and [3]. 
In 2005 the sculptor Cayetano Ramírez carried out a complete restoration of the collection of plaster 
models at the University of Groningen (the Netherlands). One year later, together with the 
mathematicians Sergio Hernández, Carmen Perea and Irene Polo-Blanco, the sculptor constructed three 
sculptures of cubic surfaces in polyester which display the exact mathematical surface (not possible with 
the solid plaster models) and still preserve the artistic beauty. For more details on this construction 
process see Figure 1. 

This work strongly inspired the author who soon started a new project to build another cubic surface. This 
time, he intended to make a sculpture of very big dimensions and build it in the open air so that the whole 
process could become visible to many people. The chosen mathematical surface is a cubic surface with a 
singularity of type A2. In the next section we explain the process that has been followed in order to design 
the sculpture, in particular the calculations performed for the mathematical and computational 
representation of the surface. Next, we present the actual artistic process until obtaining the final sculpture 
of size 300 cm x 260 cm x 170 cm.  

Design and Construction of a Big Cubic Surface 

Sergio Hernández1, Carmen Perea2 , Irene Polo-Blanco3, Cayetano Ramírez4

1HCsoft, Murcia, E-mail Sergio@hcsoft.net
2Centro de Investigación Operativa, Universidad Miguel Hernández, E- mail perea@umh.es

3Universidad de Cantabria, E-mail poloi@unican.es
4Escultor E-mail cayetano@hcsoft.net
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Figure 1: Cubic surfaces in polyester 

Design and calculation of steps involved in the development of the sculpture 

The process of modeling the surface started with a pov-ray script that assisted us in finding the right 
proportions and allowed us to play with different intersections that finally gave us the desired model (see 
Figure 2). 

As it can be appreciated in the figure, the surface has been intersected with an elliptical cylinder. The two 
main reasons for this were the following: first, we found it more pleasant to the eye, and second, the 
intersection of the surface and the floor was already elliptical (see Figure 3). This fact made this figure a 
little more complex to model that the previous models of the Clebsch and Cayley surfaces presented in 
[2], as they used simple cylinders. 

Once it was decided how the figure would look like, the problem was how to sculpt the surface on a 3 
meters tall block of stone, something that proved to be quite tricky. We decided to pixelate (or tessellate) 
one of the faces of the block (the wider one) into 6x6 cm squares, so that the stone could be sculpted one 
block at a time. 

Figure 2: Cubic surface with a singularity of type A2 represented by 
Pov-Ray 
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For each of the 6x6 cm squares in witch we divided the front side of the cube, and for each of its four 
corners, we calculate the distance from this front side to the surface, or, in other words, how deep should 
we drill, -perpendicular to the front side, until we reach the surface, getting a first carving stage that 
should look like Figure 4. 

This basically gives us four drill lengths on each square, the minimum of those being the length we will 
use to take away this whole column of stone in a first stage, so we end up with a figure like the one 
showed in the computer images. 

Figure 3: Intersection of the surface with an eliptical cilinder 

For these calculations a small program was written in Delphi in order to play with different block sizes 
and get accurate cut distances for each block to the surface (see Figure 5). 

Figure 4: Blocking of the surface (6x6 cms.) 
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Once the result seemed practical for our purpose to carve the stone, we decided to use the same program 
to generate a POV-ray script in order to check that no corner was left out in the blocks (see Figure 6). 

Moreover, the distances from the initial block of stone to the surface had to be presented in a way that 
was suitable for in-field use. In order to achieve this, we designed a format that would contain all the 
important information of each 6x6 cm square in the tessellation of each face of the initial block of stone. 
Note that on the areas where surface meets the cilinder, the resulting edge may come nearest to the front 
that any of the four mentioned corners. Those squares are marked on red on the drawings, and the 
minimun distance, in most cases, doesn't match any of the four corners distances. Special care is needed 
when dealing with does columns. 
The final print was made on HTML format, trying to graphically present the figure when printed on a 
small scale (see Figure 7 for the distances of one of the faces of the block of stone). small scale (see Figure 7 for the distances of one of the faces of the block of stone). small scale (see Figure 7 for the distances of

Figure 5: Application written to "pixelate" the surface 

Figure 6: Pixelation checked out against the surface 
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Figure 7: HTML listing at small scale 
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Here, the colors represent the zone where the block “touches” the figure: blue for the cylinder, green for 
the surface, grey for non-existing blocks, and finally, red for blocks between the cylinder and surface. 

The green and blue ones have the minimum distance point on one of the four edges -except for a small 
curvature effect on the lower central part due to the shape of the surface- so printing the four distances in 
the extreme points would be enough. The minimum of these four values has been added in the middle to 
ease the work in-field. 

The red squares are special ones as the point at minimum distance may lay inside the square and not in the 
extreme points.  For these cases, an x and a y displacement -in millimeters- from the lower left point is 
added. 

For example, when printed at standard scale, the top section looks like Figure 8. 

Figure 8: Final output 
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Figure 9. Representation of the surface using the four corner’s meassures

After the stone has been "pixelated" in a first stage, we should use the four corner's measures to cut each  
block into a more realistic shape (see Figure 9). 

Figure 10.  wooden artifac

Due to the big dimensions of the final figure, we designed a method to trace perfect perpendicular lines in 
order to cut each block without invading near blocks. A special wooden artifact was also designed using 

ISAMA 2008 - Valencia

121



laser beams to cast the right line onto the stone. An early stage of such a system is sketched in Figure 10, 
being the final design simpler that this, but with the same working principles. 

Artistic process 

In the previous section we have presented all the information and steps to follow necessary for the 
construction of the sculpture. However, the practical construction differs a little from the theoretical one. 
One of the reasons for example is that the blocks that are cut in the stone need not be completely exact as 
in the case of the computer program. 
In practice, the process begins by squaring the big block of stone, as it is shown in Figure 11. Note that 
the block is placed horizontally in order to sculpt the elliptical base of the final sculpture. This ellipse will 
be marked but not completely cut until the end of the process in order to make use of the whole block of 
stone as a support for the sculpting process.  
From this moment on, the sculptor starts making the necessary cuts in the stone using the reference 
facilitated by the computer program. Finally, the surface will be sanded until we get the final smooth 
surface. In this final process 12 steel sticks will be placed to represent the lines that the mathematical 
surface contains, and in this moment, only the lines inside the surface give us a clear guide, so the rest of 
areas of the surface must be adjusted manually until we get the final fit. The final sculpture will resemble 
the scale model shown in Figure 12.  

Figure 11.  Initial Stone
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Figure 12. scale model 
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Abstract

i-Gami is a modular origami based construction plastic toy made in China and produced by Plastic Play Inc, in 
Canada. The toy’s inventor is Mr. Boaz Axelrad, an Israeli Canadian. At first, this paper presents the fundamental 
geometry behind the parts and its basic folds. Further on, the relationship between i-Gami and modular origami is 
discussed. In order to discover the i-Gami features, it’s necessary to construct some polyhedra. Beginning with just Gami features, it’s necessary to construct some polyhedra. Beginning with just Gami features, it’s necessary to constr
three i-Gami pieces, many aesthetic pleasing forms can be made. However, the lack of equilateral triangles is 
noticed and the design of three new parts is heavily proposed by the author. 

Introduction 

i-Gami is a construction plastic toy based on the ancient art of origami. The toy is produced since 2006 by 
Plastic Play Inc and its inventor is Mr. Boaz Axelrad, an Israeli Canadian [3][7]. The invention is so crisp 
and elegant that leaves us wondering: why didn’t someone think of this before? Besides the basic shapes 
and the snap-fit connection approach, the excellence in plastic molding and its manufacturing adequacies 
must be taken into account. Although every material has its own limitations, apparently the type of plastic 
adopted fits perfectly well in the project, assuring long life to the parts. There is a clear relationship 
between i-Gami and modular origami but it is not the case of a mere change from paper to plastic 
material. In the following sections, some geometric features of i-Gami are discussed. 

The main piece and some starting polyhedra 

The main i-Gami piece is called ichi-gami. It is a square that can be folded along any of its two hinged 
diagonals (figure 1). The square body is composed of four isosceles right triangular sections. Two parallel diagonals (figure 1). The square body is composed of four isosceles right triangular sections. Two parallel diagonals (figure 1). The square body is composed of
sides of the square are attached to two other isosceles right triangles, one for each side. These attached 
triangles serve as side flaps that can be also folded along linear hinges. Each flap has a centrally located 
snap, and holes on the raised body sections function as snap housings. Therefore, several ichi-gamis can 
be snap-fit connected to form the surfaces of countless 3D models. 

Let’s consider an increasing number of ichi-gami pieces, starting with three. The smallest closed 
polyhedron that can be created with these pieces is a dipyramid with six isosceles right triangular faces 
(figure 2), known by origamists as Toshie’s jewel. Each ichi-gami folded along one (figure 2), known by origamists as Toshie’s jewel. Each ichi-gami folded along one (figure 2), known by origamists as Toshie’s jewel. Each of its diagonals yields 
two polyhedron faces. With four ichi-gamis in hand, another convex polyhedron may be constructed. In 
this case, a non-regular octahedron is the only option and its faces are also isosceles right triangles (figure 
3). At this point, one may wonder about the dihedral angles of this strange octahedron. How do we 
calculate them? Given the size of the edges, what is the distance between the far vertices? The polyhedron 
asks for attention, engaging our curiosity. 

i-Gami Toy: An addictive snack for geometry-hungry minds 

Daniel Wyllie Lacerda Rodrigues 
Departamento de Desenho 

Universidade Federal do Paraná - UFPR 
Centro Politécnico, Edifício da Administração, 3º Andar 
 Jardim das Américas, 81531-970, Curitiba - PR, Brasil 

E-mail: daniel.wyllie@gmail.com 
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Figure 1: Ichi-gami: the main piece

Figure 2: Polyhedron constructed with three ichi-gami pieces 

Figure 3: Polyhedron constructed with four ichi-gami pieces 

In principle, given the number of ichi-gami pieces, it is almost impossible to predict what kind of and 
how many different polyhedra may emerge. So, action is needed. It’s necessary to play with the pieces, 
snapping them together, and see what happens. The unexpected trial and error hands-on approach is part 
of the i-Gami´s magic and fun. One closed polyhedra may be created with five ichi-gami pieces (figure 4) 
and three new solids are feasible with six pieces (figure 5), including the cube. Surprisingly, six more 
polyhedra may be constructed with just seven pieces (figure 6). 

Figure 4: Polyhedron constructed with five ichi-gami pieces 
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Figure 5: Polyhedra constructed with six ichi-gami pieces 

Figure 6: Polyhedra constructed with seven ichi-gami pieces 
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Enhancing the sonobe unit 

The sonobe unit is one of the foundations of modular origami. It was designed by Mitsonobu Sonobe in 
the early 60s and since then, many variations have been made by other notable origamists, such as 
Kasahara [8], Kawamura [9], Fuse [4][5] and Mukerji [10]. How does it looks like? Folded from a single 
square sheet of paper, each individual unit becomes a parallelogram, divided by creases into two diagonal 
flaps at the ends and two corresponding pockets within the inscribed center square. By sliding the flaps 
into the pockets of adjoining modules, several polyhedra can be constructed. 

The figure 7 shows step-by-step instructions to create this unit. As the figure makes clear, there is a 
strong relationship between the ichi-gami parts and the sonobe units. In fact, they are very similar. Each 
one has a square in the middle, dissected by its diagonals into four isosceles right triangles. The flaps are 
also present, although they have different sizes and orientations. While the sonobe units are joined by the 
slide into pocket approach, the ichi-gami parts are joined by the snap-fit method. Apparently, the details 
of the modules interconnection differ in each case but the result of assembly seems to be basically the 
same. 

Figure 7: Directions to fold a sonobe unit 

In theory, all the polyhedra shown in the previous section should be feasible to make by using 
sonobe units or any of its variations. So, why those 3D objects are not so popular as many regular and 
semi-regular, polyhedra? Besides the Toshie’s jewel (dipyramid) and the cube, hardly someone will be 
able to find the others in books about modular origami. One may say that the platonic and archimedean 
solids have unarguably practical and historical relevance, they are easier to construct and have greater 
aesthetic appeal [1] [2] [6] [11]. I try another guess. The sonobe units hold a structural limitation that the 
ichi-gami pieces don´t have. The snap-fit method holds stronger than the slide into pocket approach and, 
as it will be seen later, many ichi-gami pieces can be interconnected in order to form a flatten square 
mesh. How about the sonobe units? 
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Pyramidized polyhedra 

As Mukerji [10] states, sonobe assemblies are essentially “pyramidized” polyhedra. In other words, the 
majority of modular origami polyhedra built with sonobe units is composed of several pyramids. The 
figure 8 shows how to form a pyramid with three sonobe units. In the figure 9, some polyhedra made with 
ichi-gami pieces are presented. In this case, the ichi-gami pieces are perfect substitutes for the sonobe 
units. Three platonic polyhedra and one arquimedean solid are built. The illustration on the right side of 
each model makes clear that the faces of the original polyhedra are replaced by pyramids. Each triangular 
face is substituted by a pyramid and each pentagon is substituted by a ring of five pyramids. By using i-
Gami, there is a great speed up in the construction. The high level of skill needed for creasing, folding and 
joining in the tradicional origami is removed and the models hold strongly and firmly. 

Figure 8: Pyramids formed with 3 sonobe units and 3 ichi-gami pieces 

Figure 9: Some regular and semi-regular polyhedra made with ichi-gami pyramids 
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Several Scales 

An interesting feature about ichi-gami is that any polyhedron built with the parts can be reconstructed in 
several scales. The figures 10 and 11 illustrate how this is possible and reveals the zoom factors. Even 
young children eventually learn that with a certain amount of squares, they can make bigger squares. As 
seen before, the ichi-gami part is basically a square with two flaps. Therefore, the faces of the polyhedra 
made with ichi-gami can grow by any multiple of a natural number factor: 1x, 2x, 3x etc. But there is 
another way to scale up the models. Due to the fact that ichi-gami may be folded along any of its 
diagonals, zoom factors based on the square root of two are also allowed:  

2 , 2 2 x, 3 2  x etc. 

Figure 10: Square meshes of various sizes made with ichi-gami parts 

Figure 11: A polyhedron made with ichi-gami pieces may be reproduced at many scales 
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Other i-Gami pieces 

Although many innovative 3D objects can be constructed just with the ichi-gami parts, the i-Gami toy 
contain other pieces with different shapes. The figure 12 presents all of them. The san-gami part is also a 
square but unlike ichi-gami, it has no flaps. The shi-gami is a pentagon and the go-gami is a hexagon, 
both regular. None of them have flaps but they bring several snap housings. The ni-gami piece has a 
different function compared to the other parts. It serves to connect two adjacent faces of the polyhedra.  

The photos presented in the figure 13 make clear that the ni-gami flaps always overlap two adjacent 
faces, forming interesting patterns. From an education perspective, it´s not clear whether these patterns 
may stimulate or confuse the pupils in an hypothetical classroom situation, when attention to some other 
specific elements is needed. 

Figure 12: The ichi-gami and other i-Gami pieces 

Figure 13: Regular and semi-regular polyhedra
made with shi-gami, go-gami and ni-gami 

The missing piece 

 The figure 9 showed the dodecahedron and the icosidodecahedron “pyramidized”, made with ichi-
gami parts. According to figure 13, the dodecahedron may also be constructed with go-gami and ni-gami 
parts but, in this case, the faces remain flat. How about the icosidodecahedron? Inparts but, in this case, the faces remain flat. How about the icosidodecahedron? Inparts but, in this case, the faces remain flat. How a  fact, until now there is 
no equilateral triangle shape. Therefore, it’s impossible to construct solids (not “pyramidized” ones) that 
have equilateral triangle faces, like the rhombicosidodecahedron, icosidodecahedron, octahedron, 
tetrahedron, etc. 

Is there any chance to create the equilateral triangle part? What’s so special about this shape? The 
figure 14 shows a design problem. Unlike the san-gami part, which have four snap-housings, there is no 
way to have three snap-housings inside the equilateral triangle. The isosceles right triangles flaps 
certainly would intercept each other, competing for space. How to solve it? The figure 14 shows a 
solution to the problem. Three equilateral triangle shapes are suggested. In this case, two pieces (2TA & 
2TB, one mirrored to the other) must be pairs of equilateral triangles. The figures 15 and 16 illustrate 
some feasible constructions, among many others, made with these hypothethical new pieces. 
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Figure 14: Fatal problem with the snap-fit connection for an equilateral triangle part

Figure 15: Suggested pieces based on the equilateral triangle 

Figure 16: Icosahedron and icosidodecahedron nets made with the suggested parts  Icosahedron and icosidodecahedron nets made with the suggested parts  Icosahedron and icosidod
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Conclusion

Every geometry kit has its highlights and weak points. The i-Gami toy holds an enormous potential for 
educational use in colleges, schools and universities. However, the suggested equilateral triangle shapes 
seem essential to me. Of course, other polygon shapes could also be designed, like the rhombus, the 
regular dodecagon and even others, bringing much more flexibility to the users. Gerry Pascoe, owner and 
general manager of Plastic Play, informed me that he has already been aware of the importance of the 
equilateral triangle shape with flaps (figure 15 – shape 1T) but the others pieces were new to him (figure 
15 – shapes 2TA & 2TB). His positive feedback made me think that the toy is relatively new to the 
market and it will certainly go through many improvements. So, my guess is that in a few years it will be 
a serious competitor to other famous geometry construction kits, just like Zome, Polydron, Geoshapes, 
MagnetiX and GeoMAG. 
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Abstract
We present a mathematical coding technique that helps to improve seamless texturing methods. In our technique, 16
textured square tiles that can seamlessly come together are organized in a 4x4 square matrix which provides logical
and efficient access. These textured tiles can be used to seamlessly texture quadrilateral meshes. Moreover, we have
developed a technique to convert any given image to an isotropic texture that can be used to create 16 textured square
tiles. These tiles can be mapped to any quadrilateral mesh without any discontinuity or singularity. Using the two
methods together, we can make any abstract painter like Miro to seamlessly paint any smooth manifold surface. The
surface can have any number of holes or handles.

Our mathematical coding technique is based on 16 textured tiles that satisfy specific boundary conditions into one
texture image file which is called a tiled texture. Our texture creation algorithm automatically creates these tiled
textures from any image with a simple user interface that allows the users to specify the boundaries. Based on
tiled textures, we have developed a simple texture mapping algorithm that assigns one tile to every quadrilateral in
any given quadrilateral mesh. Our mapping algorithm provides aperiodicity on the surface of the mesh and yields
singularity free textures regardless of the singularities existing in the quadrilateral mesh.

Figure 1: What happens if Miro or Kandinsky had painted a sphere: Mapping two tiled texture images (see
Figure 2(b)) created from (A) Miro and (B) Kandinsky paintings to a spherical shaped mesh.

1 Introduction

Texture mapping, introduced by Catmull [1], is very popular in computer graphics applications since it allows
the creation of complicated looking images without increasing the complexity of the surface geometry. There
are three main challenges that people face when mapping homogeneous textures to arbitrary polyhedral
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meshes: (1) avoiding noticeable seams between texture patches, (2) avoiding texture singularities even when
the underlying mesh has geometric singularities, and (3) minimizing the amount of distortion of the texture.

Neyret and Cani [5] developed a texture mapping method to provide an effective solution to these prob-
lems. Their method, which is based on triangular tiles with specific boundaries, avoids singularities regard-
less of the topology of the underlying triangular mesh. Their method also provides seamless and continuous
boundaries across the surface. This method is similar in spirit to the method developed by Stam [7] for aperi-
odically texturing planes and toroids. However, the Neyret-Cani method is more general since it can be used
to seamlessly texture any triangular mesh and avoids periodicity. To achieve this, their first step was to create
triangular tiles that obey specific boundary conditions. In general there can be any number boundaries (say
n) and 2n number of boundary types which are called ”oriented edges” by [5]. They showed that if one can
create a minimum number of tiles, that with rotation can provide all possible tile boundaries, it is possible
to seamlessly cover any triangular mesh with these tiles. The simplicity and the power of the Neyret-Cani
method makes it very attractive for texture mapping applications. From a practical point of view, there are
two challenges with this method: (1) The artist cannot automatically create tiles from existing images. To
create homogeneous textures that look like those of natural objects, several different texture samples have to
be hand-designed, which can be difficult. (2) Using a set of triangular texture images is not compatible with
current texture mapping methods and requires special programming. Most commercial renderers (like those
in Maya, Softimage etc), allow only one single rectangular texture image to be read for each parameter of a
shader.

Soler, Cani and Angelidis have introduced a very powerful extension to the Neyret-Cani method [6].
Their new method not only solves the challenges mentioned above but also provides anisotropic texturing.
However, their algorithm is complicated and can be quite hard to implement. Although their implementation
is very efficient, it still takes several minutes to compute a texture mapping. Moreover, if the texture image
is changed there is a need to recompute the texture mapping.

In this paper we present an alternative extension to the Neyret-Cani method. Our method also provides
an effective solution to the challenges mentioned above. Moreover, it is simple to implement. The texture
mapping algorithm consists of just a few lines of code and is extremely fast. In addition, once texture
coordinates are computed, these coordinates can be used for any tiled texture image, i.e., there is no need to
recompute texture coordinates for different textures.

Using our method, users interactively synthesize texture image files from existing images with a simple
interface (see Figures 2(a) and 2(b)) . Our texture image files consist of a set of square tiles. Consistent
organization of these tiles in the texture image yields an extremely simple texture mapping algorithm. Our
algorithm assigns texture coordinates to each corner of the mesh while providing seamless and continuous
boundaries across the surface. Once the texture coordinates are assigned, the resulting textured mesh can be
used in any commercial modeling or animation system such as Maya or Softimage. Figure 1 shows two tiled
texture images created from Miro and Kandinsky paintings that are mapped to a surface of a sphere.

2 Mathematical Approach

Our fundamental simplifying breakthrough came from a mathematical coding approach that (1) uses numbers
to identify the boundary types instead of labels, (2) uses square tiles instead of triangular tiles, and (3) uses
all possible tiles instead of only a minimal set.

Neyret and Cani use labels such as E and E1 to denote boundary types. Figure 3(A) shows their labeling
scheme, in which the boundary cuts through an arrow image. It turns out that if we use numbers instead
of labels to denote boundary types we can organize the tiles into a texture image and develop simple and
efficient algorithms for texture mapping. Figure 3(B) shows our numbering scheme. As seen in this figure,
we use 0 instead of E and 1 instead of E1. A counter-clockwise walk starting from the lower-left corner of a
square tile gives each tile a unique name which is a four-digit binary number as shown in Figure 3(C). These
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Miro Kandinsky
(a) Reproductions.

Miro Kandinsky
(b) Tiled texture images.

Figure 2: Figure 2(a) shows reproductions that are used to create tiled textures in Figure 2(b). The reproduc-
tions of Miro and Kandinsky paintings are from www.artsunframed.com. Figure 2(b) shows the tiled texture
images created from reproductions in Figure 2(a). These tiled textures were used to create the images in
Figure 1. The process is explained in Section 4.

Figure 3: Numbering the boundary types and naming the tiles with these number.

names are also useful to relate the tiles to each other. A cyclic shift of the name corresponds to a 900 rotation
of the boundaries.

For instance, 900 rotation of the boundary of 1101 gives 1110 and the sequence of 1101 → 1110 →
0111 → 1011 gives us a closed sequence of 900 rotations. Note that the tiles themselves can be different. On
the other hand, if our goal were to use a minimum number of tiles, only one of the tiles in the above sequence
would be sufficient to create other three.

To seamlessly cover a quadrilateral mesh, we need at least six tiles, such as 0000,1000,1100,1110,1010
and 1111. The main problem with any such minimal set is that it is difficult to develop a simple scheme
to meaningfully organize these tiles into one texture file. However, if we use all possible tiles instead of a
minimal set, the organization problem greatly simplifies and our numbering scheme allows us to organize
these tiles in a texture map in a meaningful way. As shown in Figure 4(A) we can use their names as if they
were positions in a matrix. Here, the first two digits of the name give the column number and the second two
digits give the row number.

In this case, the tiles with rotationally identical boundaries can be different. For instance 1010 and 0101
do not have to be rotated versions of each other. If we allow 1010 and 0101 to be different then we can use
our 2D texture space more efficiently since having more variety of tiles helps to obtain better aperiodicity.
A hand created example is shown in Figure 4(B). In this figure, we show the tile boundary edges so that
separate tiles are visible.

The example above has one distinct boundary condition, but this concept can easily be generalized to n
distinct boundary conditions (see section 6).
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(A) (B)

Figure 4: (A). An example of tiled texture image that shows how tiles are organized in a matrix. (B). A hand
created tiled texture image.

3 Mapping Tiled Texture Images

Based on the convention presented in Section 2, it is extremely easy to develop a texture mapping algorithm
for tiled texture images. Our algorithm assigns one tile from a tiled texture image to each quadrilateral
in such a way that all boundary conditions are satisfied. The texture mapping algorithm consists of two
procedures (see Figure 5). The first procedure AssignBoundaries(G,n) guarantees that boundary conditions
are satisfied. This procedure randomly assigns 0 or 1 to each half-edge [4] of every edge of the mesh by
using two random variables. Half-edge can simply be considered an (edge,face) tuple. We use the half-edge
concept since it helps to explain the algorithm more concisely. However, implementation of the algorithm
does not require a half-edge data structure.

Once AssignBoundaries(G,n) is completed, four boundary types e0,e1,e2,e3 are assigned to each quadri-
lateral of the mesh G. Note that the sequence e0e1e2e3 is actually the name of the tile to be assigned to each
quadrilateral. Since the name of each tile also gives the tile’s position in the texture image file, it is straightfor-
ward to compute these texture coordinates as it is detailed in the second procedure AssignTextureCoordinates(G,n)
(see Figure 5). The equations to compute texture coordinates turn out to be quite simple since the tiles are
placed in logically consistent locations. In these equations we assume that the texture image is stored with
the origin at the bottom-left, texture coordinate (0,0), the width and height of the texture image is one unit
(i.e. the coordinate of upper-left is (1,1)), and the edges of each qudrilateral are given in counter-clockwise
order. Figures 6(a) and 6(b) show two examples of the results of our texture mapping algorithm.

4 Tiled Texture Image Synthesis

Since it is hard to create a wide variety of tiled texture images by hand, we have developed a simple approach
to automatically create tiled textures from any given image. Our approach can be considered a variant of
image quilting [2]. To create each tile of a tiled texture image we composite a background image with four
images that includes the desired boundaries.

To allow users to select the desired boundaries and background images, we have developed a simple
interface shown in Figure 7. Users have control over two templates to effect the final result. The first template
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consists of two squares. The edge that connects the two squares gives the desired boundary condition and
the two squares correspond to the 0 and 1 boundary types. We will call these images 0XXXthe two squares correspond to the 0 and 1 boundary types. We will call these images 0XXXthe two squares correspond to the 0 and 1 boundary types. We will call these images 0 and XX1X1X1 to
precisely identify the location of the desired boundary types. Note that X is a place holder for undetermined
boundary types. The second template is used to define a region from which a background image is chosen.
This background image is placed in the center of the tile, so none of its boundaries will be used in forming the
final tiles. Therefore, we call such background images XXXX . Note that for each tile a different background
image is chosen from the region defined by the second template.

Subroutine AssignBoundaries(G)
for each edge e in G do

i ← rand() mod 2
e0 ← i
e1 ← (i+1) mod 2

Comment: e0 and e1 are two integers representing boundary
types of two half-edges of e

Subroutine AssignTextureCoordinates(G)
for each quadrilateral f in G do

for ∀i ∈ {0,1,2,3} do
j ← ((i+1) mod 4)/2
ui ← (2e0 + e1 +  j/2)/4
vi ← (2e2 + e3 + i/2)/4

Comment: ui, vi are texture coordinates of each corner of f and
ei are boundary types assigned to f where i = 0,1,2,3.
Relative positions of the texture coordinates and boundary types
of half-edges are shown in the example below.

Algorithm TiledTextureMapping(G)
AssignBoundaries(G)
AssignTextureCoordinates(G)

Comment: G is a quadrilateral manifold mesh.

Figure 5: Texture Mapping Algorithm

To create each of the tiles in the tiled texture image, we composite the background image XXXX and
rotated versions of 0XXXrotated versions of 0XXXrotated versions of 0 and XX1X1X1 , assigning an appropriate α map to each image. Let ABCD be the tile to
be created where A,B,C and D are binary digits. The tile
ABCD = AXXXoverXBXXoverXXCXoverXXXDoverXXXX . is composited by using α maps.

To create an acceptable tile, the first step is to appropriately rotate 0XXXTo create an acceptable tile, the first step is to appropriately rotate 0XXXTo create an acceptable tile, the first step is to appropriately rotate 0 and XX1X1X1 . Remember that
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(a) Texturing a sphere. (b) Texturing a genus-2 surface.

Figure 6: Figure 6(a) shows simple texture mapping example. Here all vertices are valence 3. We have
applied the texture to a cube and then smoothed the cube using Catmull-Clark subdivision [3] in Maya.
Figure 6(b) shows a genus-2 surface that includes valence 3, 4, 5 and 6 vertices. The original shape is also
smoothed by Catmull-Clark [3] after mapping the texture.

Figure 7: The interface of the tiled texture image synthesis system. To show the interface concept more
effectively, we artificially reduced the contrast and increased the brightness outside of template areas.

in our notation a 900 counter-clockwise rotation of an image corresponds to one cyclic shift operation.
Thus, in order to create the tile 1001 in Figure 8(b), image XX1X1X1 must be shifted two times to get 1XXXmust be shifted two times to get 1XXXmust be shifted two times to get 1
which corresponds to a 1800 counter-clockwise rotation. Similarly, to get X0X0X XX0XX0 we need to rotate 0XXXwe need to rotate 0XXXwe need to rotate 0 900

counter-clockwise, XX0XX0XX X0X0 can be obtained by a 1800 counter-clockwise rotation of 0XXXcounter-clockwise rotation of 0XXXcounter-clockwise rotation of 0 , and finally XXX1
is a 900 counter-clockwise rotation of XX1X1X1 .

The second step is to assign appropriate opacity α values for each of these images. We compute opacity
value α = f1f1f f2f2f f3f3f f4f4f as the product of four functions. Figure 8(a) shows the functions that are used to compute
α map 0XXXmap 0XXXmap 0 or 1XXX . To compute opacity values for other images such as X0XX0XX0 , rotated versions of these
functions are used. Note that if either one of these functions is 0 in a region, the foreground image will be
transparent in that region. Functions, f1f1f , f2f2f and f3f3f , guarantee that near X boundaries the image becomes
transparent. Function f4f4f guarantees that for every column, once color values of two image layers become
similar, the foreground image becomes transparent. In Figure 8(b), we show an example of how a tile is
created with our method.

5 Implementation and Results

The texture synthesis algorithm is implemented as a stand-alone system in C++ and FLTK [8]. The texture
mapping algorithm is implemented in C++ and included in an existing 2-manifold mesh modeling system,
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(a) Functions

(b) Tile creation.

Figure 8: Figure 8(a) shows the functions that are used to compute opacity maps for either 0XXX: Figure 8(a) shows the functions that are used to compute opacity maps for either 0XXX: Figure 8(a) shows the functions that are used to compute opacity maps for either 0 or 1XXX .
Multiplication of these four functions gives opacity values for the images either 0XXXMultiplication of these four functions gives opacity values for the images either 0XXXMultiplication of these four functions gives opacity values for the images either 0 or 1XXX . 900,
1800 and 2700. To compute opacity values for other images, rotated versions of these functions are used.
Figure 8(b) shows the creation of the tile 1001 by compositing five images.

TopMod3D [9], as an option. Both systems currently run on Linux, Windows and Mac platforms. All of the
examples in this paper were created using these two systems. The modeling system allows the creation of
models with texture coordinates and the resulting mesh can be exported to any commercial software package
using the obj file format. Similarly, the texture synthesis program creates a texture image in a common
image format such as jpeg and these image files can be exported to any commercial software. As a proof of
concept, we have created all final images and animations in Maya1

The usability of the system was tested in a graduate level computer graphics course. 25 students with
diverse backgrounds including art, architecture and computer science took the course. All the students, re-
gardless of their background, were able to successfully texture a wide variety of very high genus quadrilateral
meshes with a wide variety of textures. Some examples are shown in Figures 9(a), 9(b) and 6. As it can
be seen in these examples even when there is a wide range of difference between the sizes of quadrilaterals,

1Catmull-Clark subdivision in Maya [3]. provides bilinear interpolation of texture coordinates. We used this property to obtain
large quadrilateral curved patches.
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there is no visible stretching effect, partly due to the fractal nature of the underlying textures.

6 Discussion and Conclusion

In this paper we have presented a simple and practical technique for seamlessly texturing quadrilateral
meshes. Quadrilateral meshes are very common in computer graphics and any mesh can easily be con-
verted to a quadrilateral mesh using a vertex insertion scheme such as Catmull-Clark subdivision [3]. Our
approach does not guarantee to minimize the amount of stretching/distortion of the texture. However, appli-
cation of the Catmull-Clark scheme reduces distortion significantly. Moreover, a mesh with distortions can
be re-polygonized to obtain a better quality quadrilateral mesh.

The examples above have one distinct boundary condition, but this concept can be easily generalized to
n distinct conditions by using four-digit 2n-ary numbers. A boundary k will be represented by two boundary
types that will be denoted by 2k and 2k+1 where k = 0,1, . . . ,n−1 and a tiled texture image will consist of
(2n)4 tiles. Similarly, the tile boundaries will be used as their names and respective positions in the texture.
Again, the first two digits give the column number and the second two digits give the row number. The
texture mapping algorithm can be converted to support n distinct conditions by adding only one additional
line to the AssignBoundaries procedure and changing the equations in AssignTextureCoordinates2.

Our scheme, as presented in this paper, does not provide anisotropic textures. However, by using more
than one boundary condition and changing the texture mapping algorithm such that it can properly arrange
each tile, we can obtain anisotropic textures.

Although, our texture synthesis approach successfully converts any image to a tiled texture, the method is
somewhat ad hoc, and there is a need for more control over final results. Promising future extensions would
be to develop a painting approach for tiled textures, and to provide more precise control over the background
image for each tile.
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(a) Cracked earth texture

(b) Rusted iron texture

Figure 9: The images at the left show the tiled textures created from photographs of 9(a) cracked earth and
9(b) rusted iron. The images on the right show the objects textured by given tiled textures. Model and texture
by Jeff Alcantara.
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Figure 10: The details of models from Figure 6. Note that although there is a wide range of difference
between the sizes of quadrilaterals, there is no visible stretching effect, partly due to the fractal nature of the
underlying textures. For more examples see [10]
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Abstract

Different kinds and properties of knots and links, as mirror curves, basic polyhedra, symmetry, amphicheirality, and
invertibility, are considered from knot theoretical and math-art point of view and illustrated by the examples of
Celtic, Tamil and Tchokwe knotworks.

Knot History and Art

The discovery of knots probably predates that of fire or the wheel. Ropes, cords, and the knots
needed to secure them played an important role in early technological development. The main
reason for the lack of discovery of such artifacts is that they were made from organic materials
(vegetable fibres, sinews, thongs, hair, etc.), thus subject to decay. However, even certain wild
gorillas are able to make complete knots, primarily Granny and Reef knots, so that the beginning
of knot tying most likely preceded the evolution of mankind. The indirect testimony for an early
use of cordage and knots are perforated objects, beads or pendants, dating some 300 000 years
ago, and spherical stones found in Africa and China (about 500 000 years old), probably used as
bola weights in hunting. More recently bows and arrows that required well-made cordage and
secure knots, as well as Paleolithic figurine in soft limestone from Kostenki (Russia, 24 000
B.C.) show belts made from multiple twined flexible elements (Fig. 1a). Some actual Neolithic
knots are preserved in North Zealand and some other parts of Denmark. Sophisticated plaits
made with strips of date palm leaf originate from Ancient Egypt (Turner and Van De Griend,
1995) (Fig. 1b). Arrangements of knots served as a basis for mathematical recording systems in
the Peruvian quipus and Zuni knots from New Mexico, where the knots functioned as symbolic
and mnemonic devices (Fig. 1c). Various examples of knot-art can be found in all ancient
civilizations, in Celtic (Fig. 5a), Japanese and Chinese art (Fig. 5b), ethnic Tamil and Tchokwe
art, in Arabian, Greek and Smyrnian laces... Celts made extensive use of knot-work pictures
created for decorative and religious purposes (G. Bain, 1973; I. Bain, 1990). Their art required a
high level of mathematics, to geometrically create knotted curves even with zoomorphic
ornaments.
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Figure 1

The idea to consider knots from the point of view of combinatorial topology (this means,
Analysis Situs or Geometria Situs), was first proposed by A.T. Vandermonde (1771). Describing
braids, nets, or knots fashioned by craftsmans, he emphasized that there the questions of
measurement are not important, but those of position, the manner in which the threads are
interlaced (Fig. 3: drawing by A.T. Vandermonde). C.F. Gauss was the first to consider knots as
mathematical entities. One of his oldest documents is a sheet of paper dated 1794, containing
thirteen sketches of knots with names in English, probably an excerpt he copied from some
English book. One of the drawings, “Framed tangle” from Gauss' notebook represents a weaving
with hexastrips (Fig. 4).

       

                 Figure 3                                  Figure 4

Symmetry of knots

Decorative knots have been used from prehistory until our days as a basis of different artworks,
so they still can be an inspiration for artists and artisans. Fig. 5 shows two Celtic knotwork
initials and Chinese decorative knots, and Fig. 6 shows an “impossible trefoil” created by the
first author.
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(a) (b)

                                  Figure 5

Figure 6

Figure 7

      

                                Figure 8                               Figure 9
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A knot or link is amphicheiral if it is ambient isotopic to its mirror image. In the case of rational
knots1), all amphicheiral knots are derived from the same source: from the figure-eight knot 2 2
(or 41 in the classic notation). The amphicheirality of the figure-eight knot can be visualized by
an animation consisting from a series of ambient isotopies transforming a “left” figure-eight knot
to the “right” (Fig. 7).  For the knot 2 2, the graph symmetry group is G = [2+, 4], and the knot
symmetry group G' = [2+, 4+] is generated by the rotational reflection, with the axis defined by
the midpoints of colored (i.e., double) edges of the tetrahedron (Fig. 8). Considering the sign of
the vertices, it is a rotational antireflection. Its effect is preserved in all rational knots with an
even number of crossings that have a symmetric (palindromic) Conway symbol. As the result,
we obtain a series of centro-antisymmetrical graphs corresponding to rational knots (Fig. 9:
graphs of  amphicheiral rational knots. Each graph has a center of (anti)symmetry, which
transforms black=negative crossings into white=positive crossings).

Beautiful knot-art images can be produced from periodic knots, like basic polyhedra- knots or
links without bigons. A series of knots or links corresponding to antiprismatic basic polyhedra
(2n)*, beginning from Borromean rings 6* and containing basic polyhedra 8*, 10*, 12*, etc., is
illustrated in Fig. 10.

     

Figure 10

Mirror-curves

Start with any connected edge-to-edge tiling of a part of a plane by polygons. Connect the
midpoints of adjacent edges to obtain a 4-regular graph: every vertex is incident to four edges,
called steps.

Every closed path in this graph, where each step appears only once, is called a component. A
mirror curve is the set of all components. Since the graph is 4-valent, at each vertex we have
three choices of edges to continue the path: to choose the left, middle, or right edge. If the middle
edge is chosen the vertex is called a crossing. Every mirror curve can be converted into a
knotwork design by introducing the relation “over-under”.
________________________________________________
1) For the explanation of  basic knot-theory terms (tangle, rational knot, Conway symbol, basic polyhedron, etc.) the best source is C.C. Adams
(1994).
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The name “mirror curves” can be justified by visualizing them on a rectangular square grid
[ , ]RG a b of dimensions a, b ( ,a b N ), whose sides are mirrors, and additional internal

two-sided mirrors are placed between the square cells, coinciding with an edge, or perpendicular
to it at its midpoint. In this grid, a ray of light, emitted from one edge-midpoint at an angle of 45 ,
will close a component after a series of reflections. Beginning from a different edge-midpoint,
and continuing until the whole step graph is used, we trace a mirror curve. This construction can
be extended to any connected part of a regular triangular, square or hexagonal tessellation, this
means to any polyiamond, polyomino or polyhexe, respectively.

Tamil threshold designs

“During the harvest month of Margali (mid-December to mid-January), the Tamil women in
South India used to draw designs in front of the thresholds of their houses every morning.
Margali is the month in which all kinds of epidemics were supposed to occur. Their designs
serve the purpose of appeasing the god Siva who presides over Margali. In order to prepare their
drawings, the women sweep a small patch of about a yard square and sprinkle it with water or
smear it with cow-dung. On the clean, damp surface they set out a rectangular reference frame of
equidistant dots. Then the curve(s) forming the design is (are) made by holding rice-flour
between the fingers and, by a slight movement of them, letting it fall out in a closed, smooth line,
as the hand is moved in the desired directions. The curves are drawn in such a way that they
surround the dots without touching them.” (Gerdes, 1989).

The (culturally) ideal design is composed of a single continuous line. Names given to designs
formed of a single “never-ending” line are normally pavitram, meaning ``ring'' and Brahma-mudi
or “Brahma's knot”. The purpose of the pavitram is to scare giants, evil spirits, or devils away.

     

Figure 11
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Is it not strange that a design composed of two or several superimposed closed paths, is
nevertheless called pavitram? Maybe designs formed of a few never-ending lines are just
degraded versions of single closed path figures? Is it always possible to construct a similar
design, but made out of only one line? Yes, minor changes transform some imperfect, multi-
linear designs into the ideal ones.

Tchokwe sand drawings

“The Tchokwe people of northeast Angola are well known for their beautiful decorative art.
When they meet, they illustrate their conversations by drawings on the ground. Most of these
drawings belong to a long tradition. They refer to proverbs, fables, games, riddles, etc. and play
an important role in the transmission of knowledge from one generation to the other.” (Gerdes,
1990)

“...Just like the Tamils of South India, the Tchokwe people invented a similar mnemonic device
to facilitate the memorization of their standardized drawings. After cleaning and smoothing the
ground, they first set out with their fingertips an orthogonal net of equidistant points. The
number of rows and columns depends on the motif to be represented. Applying their method, the
Tchokwe drawing experts reduce the memorization of a whole design to that of mostly two
numbers and a geometric algorithm. Most of their drawings display bilateral and/or rotational
( 90  or 180 ) symmetries. The symmetry of their pictograms facilitates the execution of a
drawing. This is important, as the drawings have to be executed smoothly and continuously. Any
hesitation or stopping on the part of the drawer is interpreted by the audience as an imperfection
and lack of knowledge, and assented with an ironic smile.”(Gerdes, 1990)

     

Figure 12
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Tchokwe sand drawings (Fig. 12) called sona (singular: lusona) played an important role in
transmitting knowledge and wisdom from one generation to the next. Young boys enjoyed
making sand drawings with their fingers and in stories about them. They have learned how to
make simple drawings and their meaning during the period of intensive schooling, the mukanda
initiation rites. The more difficult sona were only known by the story tellers, who were real akwa
kuta sona (those who know how to draw), highly esteemed and forming a part of an elite in
Tchokwe society (Gerdes, 1993).

“Leonardo spent much time in making a regular design of a series of knots so that the cord may
be traced from one end to the other, the whole filling a round space...”(Bain, 1973).

Figure 13

Two of the greatest painters-mathematicians: Leonardo da Vinci (Fig. 13) and Albrecht Dürer
were interested in constructing knot designs, closely related to mirror curves (Bain, 1973). They
knew and very effectively used the fact that for a rectangular square grid [ , ]RG a b of dimensions
a, b, where a and b are relatively prime, mirror curve is always a single closed curve uniformly
covering the rectangle.

Moreover, there is one more beautiful geometrical property: mirror curves can be obtained using
only a few different prototiles. In particular, only three prototiles are sufficient for construction
of all mirror curves with internal mirrors incident to the cell-edges of a regular triangular tiling,
five for square, and 11 for hexagonal regular tiling (Jablan, 1995).
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Figure 14

Using the combinations of polygons from 11 uniform Archimedean tilings (Grünbaum and
Shephard, 1986), or prototiles producing an impression of space structures and colored
prototiles, we may obtain artistic interlacing patterns, examples of modular design: the use of a
few initial elements (modules - prototiles) for creating an infinite collection of designs (Fig. 14:
knot in the uniform tiling (3,3,4,3,4) constructed from few basic prototiles). The mirror curves
obtained from Archimedean tilings resemble the optical phenomenon: change in direction of a
light ray which transfers from one to the other physical environment.

Construction of mirror curves

“The imitation of the three-dimensional arts of plaiting, weaving and basketry was the origin of
interlaced and knotwork interlaced designs. There are few races that have not used it as a
decoration of stone, wood and metal. Interlacing rosettes, friezes and ornaments are to be found
in the art of most people surrounding the Mediterranean, the Black and Caspian Seas, Egyptians,
Greeks, Romans, Byzantines, Moors, Persians, Turks, Arabs, Syrians, Hebrews and African
tribes. Their highlights are Celtic interlacing knotworks, Islamic layered patterns and Moorish
floor and wall decorations.” (Bain, 1973)

The common geometrical construction principle of these designs, discovered by P. Gerdes, is the
use of (two-sided) mirrors incident to the edges of a square, triangular or hexagonal regular plane
tiling, or perpendicular to the edges in their midpoints (Gerdes, 1990, 1996, 1997, 1999). In the
ideal case, after the series of consecutive reflections, the ray of light reaches its beginning point,
defining a single closed curve. In other cases, the result consists of several closed curves. For
example, the following mirror-schemes (Fig. 15) correspond to the Celtic designs from G. Bain's
book Celtic Art (1973).

Can we find a mathematical principle behind constructing a perfect curve-- single line placed
uniformly in a regular tiling. How can we arrange generating mirror sets and classify curves
obtained? In principle, any polyomino (polyiamond or polyhexe) (Golomb, 1994) with mirrors
on its border, and two-sided mirrors between cells or perpendicular to the internal cell-edges in
their midpoints, can be used for creating perfect curves.
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Figure 15

We propose the following construction from a polyomino (polyiamond or polyhexe): first,
construct all different curves in a polyomino containing lines that connect different cell-edge
midpoints until the polyomino is uniformly covered by k curves. Then, in order to obtain a single
curve, place internal mirrors and use “curve surgery”, according to the following rules: any
mirror placed in a crossing point of two distinct curves connects them in one curve; depending
on the position of a mirror, a mirror placed into a self-crossing point of an (oriented) curve either
does not change the number of curves, or breaks the curve in two closed curves (Fig. 16).

In every polyomino we may place k-1, k, k+1,…, 22 ( )PA  internal two-sided mirrors, where A is
the area and P is the perimeter of the polyomino. Placing the minimal number of mirrors k-1, we
need to obtain a single curve, and to preserve this property when we add other mirrors.

In the case of a rectangular square grid [ , ]RG a b of dimensions a, b, the initial number of curves,
obtained without internal mirrors is ( , )k GCD a b ( GCD  - greatest common divisor), so in order to
obtain a single curve, the possible number of internal two-sided mirrors is k-1, k,…, 2ab-a-b.
According to the rules for placing internal mirrors, we propose the following algorithm for
creating mono-linear designs: in every step one of 1k internal mirrors is placed in a crossing
point belonging to different curves. After this, when the curves are combined and transformed
into a single line, we can add other mirrors according to the rules described in above described
construction, taking care about the number of curves.

ISAMA 2008 - Valencia

163



Figure 16

P. Cromwell (1993) used symmetry of mirror curves for the classification of the Celtic frieze
designs, and P. Gerdes (1989, 1995) for the reconstruction of Tamil designs. Looking to the
ornamental art, at the first glance it seems that symmetry is the mathematical basis for the
construction and possible classification of perfect curves (Gerdes, 1989, 1990; Cromwell, 1993).
The existence of asymmetric curves suggests another approach.

The first approach is the geometrical, symmetry-oriented one. Two mirror curves are equal iff
there is a similarity transforming one into the other. In other words, one mirror curve can be
obtained from the other by a combined action of proportionality and isometry. Instead of
considering equality of curves, we may consider the equality of mirror arrangements defined in
the same way.

A figure f is any non-empty subset of points of space. A figure is called invariant with regard to
a transformation S if ( )S f f , and S is called a symmetry of f. Symmetries of a figure form a
group called symmetry group of f and denoted fG (see, e.g., Grünbaum and Shephard, 1986;
Martin, 1980; Jablan, 2002).

Isometric symmetry groups of the space nE can be classified according to a sequence of maximal
proper (sub)spaces invariant with respect to the action of transformations of the groups in
question. Symmetry groups of friezes 21G , bands 321G , plane ornaments 2G , and layers 32G can
be used for the classification of knot-work patterns. Isometric symmetry groups will be denoted
according to the crystallographic notation (or Hermann and Maugin notation).

There exist exactly 7 symmetry symmetry groups of friezes, 31 symmetry groups of bands, 17
symmetry groups of plane ornaments, and 80 symmetry groups of layers (see, e.g., Shubnikov
and Koptsik, 1974; Coxeter and Moser, 1980; Grünbaum and Shephard, 1986; Martin, 1980;
Jablan, 2002).

The fundamental region of a symmetry group of an object or pattern is the smallest part of the
pattern, which, based on the symmetry, determines the whole object or pattern.
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In all symmetry-oriented classifications of interlaced patterns, i.e., infinite knotwork patterns
(e.g., in Cromwell (1993) or in Grünbaum and Shephard, 1986), symmetry is used as the only
criterion for the classification. Linear knotwork patterns are classified according to 7 symmetry
groups of friezes, or 31 symmetry groups of bands (Washburn and Crowe, 1988; Grünbaum and
Shephard, 1980, 1983, 1986) without taking in account their topological or knot-theoretical
properties. In the same way, plane symmetry patterns are classified according to 17 symmetry
groups of ornaments or 80 symmetry groups of layers. In all these cases we have an asymmetric
fundamental region multiplied by symmetries belonging to the symmetry group, without taking
in consideration that the fundamental region can be any asymmetric tangle with its particular
knot-theoretical properties. For example, according to the symmetry oriented classification, two
bands will be considered as equivalent because their symmetry group is 1 1p a , in spite of the fact
that the first is based on the tangle 21 giving as the numerator closure Hopf link 2

12 , and the
other is the direct product of knots 2112 (Fig. 17).

  

Figure 17

For the classification of infinite symmetric interlaced patterns we propose the following two
criteria: isometric symmetry group of the pattern; tangle belonging to a fundamental region.

These criteria are not always sufficient, and we also need to consider other knot-theoretical
properties such as whether a pattern represents prime or composite knot or link arrangement.
This classification, proposed by S. Jablan and Lj. Radoviċ in 2001, is similar to the approach
proposed earlier by I. Emery (1995).

Knots and links and mirror curves

Now let us take a look of the classification of mirror curves through knot theory glasses! Every
mirror curve can be simply transformed into an interlacing knotwork design, that is, into a
projection of some alternating knot. Such curves appear in the history of ornamental art, more
frequently as knotworks, then as plane curves. Even the name Brahma-mudi (Brahma's knot)
denoting Tamil curves refers us to knots. Therefore, the classification of mirror curves goes via
proper reduced minimal knot projections.
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Two projections or knot diagrams are equal if they are isotopic as graphs, where the isotopy
ensures that relations “over”-“under” are preserved. In order to classify our curves, treated as
knot projections, we can use the invariants of knot and link projections.

The rectangular square grid [2,2]RG  is the minimal RG from which we can derive some non-
trivial alternating knots and links (different from the unknot) - the trefoil knot and Hopf link 2

12
(Fig. 18). From [3, 2]RG  we obtain the knots 47 , 26 , 13 # 13 , 15 , 25 , 14 and 13 , where different
mirror-arrangements may give the same projection.

     

Figure 18

Is it possible to derive every knot projection from some RG with a large enough number of
crossings? What is the upper bound for this number? Which knot projections can be obtained
from a particular RG? Which mirror-arrangements in some RG give the same knot projection?
Find the minimal RG for a given knot! Can you obtain several non-isomorphic projections of
some knot from the same RG? These and many other problems connected with mirror curves
represent an open field for research.

Mirror curves on different surfaces

The construction of mirror curves is independent from the metric properties or the geometry of
the surface, so the same principle of construction can be applied to any tiling (e.g., on a sphere)
(Gerdes, 1996, 1999) or in the hyperbolic plane (Dunham, 2000; Sazdanoviċ and Sremčeviċ,
2002a,b).

Let us consider any edge-to-edge tiling of a part of an arbitrary surface. First connect midpoints
of adjacent edges to obtain a 4-regular mid-edge graph with k components. Using the rules for
adding two-sided mirrors, it can be converted in a single mirror curve in a finite number of steps.
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Figure 19

It is easy to prove that this simple algorithm is finite. If 1k , we have a single mirror curve, so
no additional two-sided mirrors are needed. If the number of components is k ( 2k ), we place
first two-sided mirror in the crossing of two different curves, connect them and obtain 1k
components. Continuing in the same way, a single mirror curve will be obtained after
introducing 1k  mirrors. Our game becomes more interesting if we allow adding mirrors in self-
crossing points of the same component. This move can either preserve the number of curves or
increase it by 1, so we can end up with a single or multi-component curve (Fig. 19).

Open question is: find a general formula for the number k of curves for any tiling, before mirrors
are placed.

Mirror curves in art

Let us consider mirror curves from different cultures, distant in space and time, and try to
discover some common principles used for construction of mirror curves. We will compare
mirror curves from Tamil art, Tchokwe sand drawings and Celtic art, try to discover the common
properties of the constructions used, and establish some hierarchy with regard to their
complexity. As the final result, we will describe a kind of algorithmic approach used by these
cultures for the construction of knotwork designs and compare it with similar approaches used in
knot theory.

At the beginning of knotwork art, every culture probably used plates - rectangular square grids
[ , ]RG a b of dimensions a, b ( ,a b N ) without internal mirrors. Maybe the oldest example of this

kind, a cylinder seal from Ur, Mesopotamia, representing a snake with interlacing coil dates from
2600-2500 B.C. (Fig. 20). Plates have been recognized as the basis of all Celtic knotworks by the
antiquarian J. Romilly Allen whose twenty years' work is summarized in the book Celtic Art in
Pagan and Cristian Times (1904). The initial number of mirror curves for plates without internal
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mirrors is [ , ]k GCD a b , so a single curve is obtained iff a, bare mutually prime numbers. From
the knot theory point of view, every single-curve plate, turned into an alternating knot by
introducing the relation “over-under”, represents a Lissajous knot. The infinite series of plates,
obtained for an arbitrary a ( 3a ) and b=2, consists of the rational knots and links of the form
313 , 31213 , 3121213 , 312...213  given in Conway notation (Fig. 21). Notice that for every odd b
we obtain a knot, and for every even b a 2-component link. The number of different projections
of these knots and links  is: 1, 4, 13, 68, 346,…, respectively, but in knotworks, only one of them
- the most symmetric, is used for each a. Most symmetric projections can be found and drawn
using the program LinKnot.

Figure 20

Let us now describe four general rules for combining plate designs  and/or mirror curves. The
first three rules are given by P. Gerdes (1999), and the fourth is proposed by S. Jablan. We will
restrict our consideration to mirror curves placed in polyominoes with square cells. The
construction rules are the following:

(1) The first rule (Fig. 22a) defines a combination of two mirror curves that share one edge of an
open cell on their borders. Such a composition corresponds to the direct product of knots or
links, and it was probably one of the most exploited constructions in knotwork art. For given
mirror curves 1M and 2M , this kind of direct product we will call - direct product
and denote it by 1 2M M . If we combine two mirror curves in this way, first with 1c , and the
other with 2c  components, the result is a new mirror curve with 1 2 1c c  components. Hence,
the  -direct product of two 1-component mirror curves is a new 1-component mirror curve.
This idea was used, for example, in the Tchokwe design from the next figure and in many Celtic
friezes.

As a particular application of the first rule, we can add a single square to the border of any
monolinear mirror curve. This transformation corresponds to adding an external loop to a knot or
link diagram. It does not change the number of components and can be repeated, since it has a
decorative function in knotwork art.
(2) The second rule (Fig. 22b) is the one defining the direct product 1 2#K K in knot theory. In the
language of mirror curves 1M and 2M , it means that we cut one external edge of each mirror-
curve 1M and 2M , and reconnect them again to obtain a new mirror-curve, that will be denoted
by 1 2||M M .
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Figure 21

(3) The third rule (Fig. 22c) is restricted to plate designs: two monolinear plate designs whose
overlapping contains exactly two cells will give a new monolinear plate design. The schematic
interpretation of the third rule is given in next figure.

In order to introduce the fourth rule we need to define new operation, addition. The addition of a
plate design 1P  to plate design 2P is an edge-to-edge identification of their border cells belonging
to rectilinear borders. In the same way, we can add a plate design 1P to some mirror curve M
placed in some polyomino.

(4) The fourth rule (Fig. 22d) is: an [ , ]RG a b for which |b a , added to any monolinear mirror
curve M (or monolinear plate design 2P ) along the edge b, will give a monolinear design. In
particular, any square RG added to a monolinear design gives a new monolinear design.

Rule 4 can be applied to mirror curves: we can add a mirror curve 2M  to a monolinear mirror
curve 1M in such a way that every curve contact point along edge b of the polyomino in which

2M  is placed belongs to a different component of 2M . The new mirror curve 1 2M M will be
monolinear.

These four rules are sufficient for creating monolinear plate designs and extend the
monolinearity from RGs to plate designs.

For the further derivation of monolinear mirror curves from monolinear plate designs we can use
the previously described rules for adding internal mirrors. Since symmetry is desirable visual
property, in knotwork art symmetric mirror curves prevail over asymmetric ones. This means
that most of the mirror arrangements are not aesthetically appealing: for example, only 8 out of
52 two-mirror arrangements from [6,3]RG  are symmetrical.

For a construction of symmetric mirror curves we propose the following algorithm. Let a
symmetric monolinear plate design P be given. We place an internal mirror in some crossing A
of P and trace an oriented mirror curve M. Now we have two possibilities: if P is not completely
covered by M, choose a not self-crossing point on M, symmetric to A and put a mirror symmetric
to the mirror in A. If a symmetric point with this property does not exist, rotate the mirror in A
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for 90 around its midpoint and then place the mirror symmetric to it; if P is completely covered
by M, place a new mirror symmetric to the mirror in A. If monolinearity is destroyed, rotate the
mirror in A for 90  around its midpoint and then place the mirror symmetric to it. This algorithm
is applied until the maximum number of internal mirrors that preserve monolinearity is used
(Fig. 23). Fig. 24 shows symmetric knotwork initials created by Miroslav Zec.

Figure 22

This approach will be used to explain the construction of different mirror curves occurring in
Tamil, Tchokwe and Celtic knotworks. We already explained and illustrated knotwork designs
that represent a single monolinear RG, which were derived from a single monolinear RG by
adding a series of external loops, as well as designs obtained as a - direct product of
monolinear RGs (Rule 1).

Figure 23

The first rule, - direct product, is very frequently used in Celtic knotwork art for the
construction of friezes, as well as the || - direct product (Rule 2). Both of them are the standard
tools for obtaining translational repetitive structures: friezes or even plane symmetry groups. The
application of direct products in Sona drawings illustrates Fig. 25.
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Figure 24

Figure 25

Applying the second rule actually connects two monolinear RGs in their corners, i.e., it is the ||-
direct product of the corresponding knots. Another possibility is using (more or less) “open” RGs
and their ||- direct product. Although we obtain the same composite knots and links, in the visual
sense obtained patters will be different. The - direct product was used in Celtic knot art as well,
mainly for the construction of frieze knotworks (or bordures).
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Figure 26

In order to analyze Celtic knotworks based on ||- direct product first we need to insert some
internal mirrors perpendicular to the edges in basic (monolinear) RGs, in order to obtain parts or
“tangles” of Celtic knotworks with an appropriate placement of incoming and outgoing strands
(Fig. 26). The possible choices for their positions are two top (or bottom) corners of an
elementary RG, two diagonal (ascending or descending) corners, or all four corners forming a
tangle. In the first case we place internal mirrors perpendicular to “vertical” and “horizontal”
edges of border cells, forming an L-shape form. Furthermore, cutting the long edge(s) of the
design and reconnecting them, we obtain different frieze designs (direct products of basic knots
or links) with incoming and outgoing strands appropriately placed. The other possibility is
creating “tangles” from RGs and composing them into a chain (or a closed circle). In the case of
Tchokwe sand drawings a similar strategy was used in order to obtain “open” RGs that can be
composed by ||- direct or  -direct product in larger knotworks.

     

Figure 27

The third rule was one of the favorite rules in the construction of Tchokwe sand drawings. A
whole series of “social” monolinear plate designs representing a leopard with cubs, a design
called kambava wamulivwe that represents an animal called kambava that died inside a rock, or
lusona drawing called tambwe that represents a lion is composed in this way (Fig. 27).
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Figure 28

The fourth rule offers the highest degree of freedom and often gives symmetric plates in
knotwork art. Various designs can be obtained by adding along edge b any [ , ]RG a b  with the
property |b a , or square RG, in a symmetric or asymmetric way to a monolinear plate design. In
this way, we can create perfect curves of a desired shape.

Creating a variety of monolinear plate designs opens the door to artistic creativity and play: there
is a huge number of ways for introducing internal edge-incident and edge-perpendicular mirrors
in order to preserve monolinearity.

Together with the remarkable example of a monolinear cross knot design (Fig. 28), another
interesting example is a complex monolinear design. Because the symmetric version of the same
design is a two-component knot design, the Celtic master constructed an almost symmetric
monolinear design by breaking symmetry (Fig. 29).

     

Figure 29
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Figure 30

Different infinite series of basic polyhedra – knots and links without bigons, inspired by patterns
from nature, such as the growth patterns of certain plants, can be found in artworks. For example,
a shadow of the torus knot [12,5] appears in Michelangelo's plaza (Fig. 30).

Celtic masters used friezes without bigons to construct basic polyhedra by identifying opposite
sides of friezes. This method has quite a general character and can be used for creating other
circular knot designs (Fig. 31).

Figure 31

In order to classify complex periodic knotworks (e.g., Celtic friezes or plane ornaments or laces),
we will recognize basic patterns - tangles, equivalent to fundamental regions and combine two
approaches: the theory of symmetry and knot theory. First we determine the symmetry group,
and then add the information about tangles. For this description, friezes or plane symmetry
groups are treated as 3D objects, by taking into consideration the relation “over-under”. Their
symmetry groups can be found among 31 symmetry groups of bands, or 80 symmetry groups of
layers. However, bands or layers that have the same symmetry group can be, visually and
topologically, very different. They can be composed of different generating elements, repeated
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according the same symmetry rules. Therefore, together with the symmetry classification, we can
use the classification of their “building blocks”, tangles.
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Despite the essentially two-dimensional quality of his paintings, Kasimir Malevich referenced the fourth 
dimension in some of his seminal abstract paintings. Most art historians explain this by saying he sought to dimension in some of his seminal abstract paintings. Most art historians explain this by saying he sought to dimension in some of his seminal abstract paintings. Most a
create the “feeling” of that dimension. The painter, however, had a keen, long-standing knowledge of 

geometry and exposure, as early as 1913, to some key illustrations by Claude Bragdon. A noted New York 
architect, set designer and writer, Bragdon’s works were carried to St Petersburg by the Russian theosophist 
P.D. Ouspensky, arguably the most widely read lecturer on the fourth dimension. The assertion of this paper 
is that Malevich’s allusions to the fourth dimension was the more concrete result of his knowledge of 
geometry coupled with his alogist approach to art, and catalyzed by Bragdon’s work. geometry coupled with his alogist approach to art, and catalyzed by Bragdon’s work. geometry coupled with his alogist approach to art, and ca

Introduction 

Kasimir Malevich is often cited as one of the most major figures of modern art to be influenced by the Kasimir Malevich is often cited as one of the most major figures of modern art to be influenced by the Kasimir Malevich is often cited as one of the most major f

ideas of a fourth dimension popularized in the first two decades of the 20
th
 century. The only direct 

th
 century. The only direct 

th

evidence is the fact that he referenced the fourth dimension in the subtitles of five of his paintings from 
1915. Yet there is nothing to distinguish these paintings in their handling of space from other paintings in 

the exhibit that he subtitled with reference to two dimensions. The common explanation offered by 

historians is that Malevich was trying to put forth the “feeling” of a fourth dimension, though no evidence 
is forthcoming about exactly how he was accomplishing this or what the fourth dimension felt like. The 

attribution to feeling is understandable in that Malevich averred repeatedly that his paintings were about attribution to feeling is understandable in that Malevich averred repeatedly that his paintings were about attribution to feeling is understandable in that Malevich ave

feeling. Nevertheless, a better explanation for Malevich’s allusions to the fourth dimension lies in the 

more concrete results of his knowledge of geometry coupled with his alogist approach to art. 

A second bit of evidence is the coinciding of Malevich’s period of inventing the style he called 

Suprematism with a series of extremely popular lectures by P.D. Ouspensky. Ouspensky was then living 
and lecturing in St. Petersburg where Malevich was painting. Yet Ouspensky’s influence on Malevich 

remains vague, with the most convincing connection being Ouspensky’s use of visuals by the American 

architect, Claude Bragdon. 

The Visuals 

Visualizations of the fourth dimension presented to the public all dealt with analogies between the second 

and third dimensions and then extending these to analogies between the third and fourth dimension. There 

are several of these analogies, but the one most pertinent here is that of a higher dimensioned object 

passing through the lower dimensioned space and manifesting as an object within the lower dimensioned 
space.  

The intersection of a three-dimensional object, say a cube, with the two-dimensional space of a plane 
produces a two-dimensional section, or slice, of the cube. Depending on the direction of the cube relative 

to the intersecting plane, this slice may be a triangular, rectangular, trapezoidal or hexagonal figure. The 

sequence of shapes produced by the cube as it passes through the plane (figure 2) offers a denizen of that sequence of shapes produced by the cube as it passes through the plane (figure 2) offers a denizen of that sequence of shapes produced by the cube as it passes through
two-dimensional space clues from which to infer something of the nature of the cube.  
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Extending this analogy to a hypercube passing through our three dimensional space, the intersection 
manifests as a sequence of three-dimensional “slices” that vary from tetrahedrons to octahedrons to 

cuboctahedrons. Just as lines define the slices of a cube as polygons, so do planar faces define the “slices” 

of the hypercube as polyhedrons. 

Bragdon’s Visualizations 

Claude Bragdon was known internationally as a theosophist and locally as a much sought after architect Claude Bragdon was known internationally as a theosophist and locally as a much sought after architect Claude Bragdon was known internationally as a theosophist and

in Rochester, NY. He was an avid writer and published a number of books on architecture and philosophy 

under the imprint of his own press, Manas Books.  

Bragdon’s most influential book, however, was not on architecture, but a book to explain the fourth 
dimension to a general audience. The 1913 text A Primer of Higher Spaces is a lively, heavily illustrated 
exposition of both and immediately made its way to leaders of the then prominent theosophical 

movement. Due to the popularity of theosophist speakers on occultism and the fourth dimension and on 

their use of his book’s illustrations, Bragdon’s imagery would reach a wide audience, important artists 

among them. 

Figure 1. C. Bragdon, Plate 5 from “Primer for a Higher Space”, 1913. Figure 2. C. Bragdon, Plate 30 from “Primer 

for a Higher Space”, 1913.
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In its appendix Primer contains a parable entitled the Primer contains a parable entitled the Primer Man the Square. The story recalls Edwin Abbott’s 
1884 book Flatland: A Romance in Many Dimensions [1] in which A. Square, a denizen of a two-
dimensional universe, is taken by a Sphere on a tour of the third dimension only to have his report of the 

journey land him in jail. Like Galileo, Square speaks a heretical truth that the Flatlander priests, the 

Circles, cannot accept. The theosophists’ predilection for Abbott’s imagery lay in the fact that Abbott was 

a cleric and that they read his romance as an indictment of unbelievers in a higher dimension and the 

beings inhabiting it.  

Bragdon offers his own take on a flat world, one peopled with various “personalities” represented by 

different polygons. In his tale the denizens of the two-dimensional world all appear as those shapes 

created by slicing the cube. This is because that, unbeknown to most of them, they are all actually cubes 
and thus their truest selves occupy a higher three-dimensional world. Most of the denizens are the 

irregular shapes that come of slicing cubes that rest askew to the slicing plane.  irregular shapes that come of slicing cubes that rest askew to the slicing plane.  irregular shapes that come of slicing cubes that rest ask

The best personalities, however, manifest as squares, and this can only be achieved if the entire cube has 

properly righted itself with respect to the plane of reality. This corresponds to a theosophist principle that 

mind and consciousness occupy higher spaces, like that provided by the fourth dimension, and need be 
righted in that space. The most perfect being in Bragdon’s account of his plane world is named Christos, 

who brings his entire being as a cube onto the plane by unfolding himself into a cross [4]. 

Bragdon never visited Russia but he did send a copy of Primer to P.D. Ouspensky in 1913. Already well-

known from his earlier book The Fourth Dimension, Ouspensky published his book Tertium Organum in 
1911, which went on to become a world-wide best-seller. Science of the spiritual and the role of the 

fourth dimension figure prominently in the text. Bragdon was to edit the American edition of Tertium 

Organum, which would go on to become a best seller there, too. 

Ouspensky carried Bragdon’s influence to the Russian avant-garde just as arguably the most radical and 

rapid changes in the history of art were underway. Due to the popularity of both his books and lectures, 
Ouspensky is credited with influencing and indirectly sanctioning the thinking of many of the Russian 

constructivists. Both Alexei Kruchenykh, the librettist for the groundbreaking opera Victory over the Sun

and especially Mikhail Matiushin, its composer, praised the influence of Ouspensky [8]. (Kasimir 
Malevich designed the sets and costumes.) That year, 1913, Ouspensky was lecturing in St. Petersburg 

where the opera was produced. Ouspensky was noted for his lectures’ reliance on visuals, like Bragdon’s, 

and for drawing ideas onto napkins during café discussions with other intellectuals like Tolstoy. 

Malevich and Visualization of the Fourth Dimension 

Though Victory over the Sun was billed as a Futurist opera, it was, in fact, created under a philosophy of 
alogical or transrational art that prevailed among some Russian artists between 1913 and 1915. 

Sometimes labeled alogism, the governing theory was that the path to certain truths was blocked by so-

called rationalism and an alternate mode of thought based on subverting or on superseding logic. In the 
case of Victory alogic extended to the use of “zaum” or “nonsense” poetry, atonal music and sets that 

disrupted normal perceptions of space [10].  

Researchers often cite the backdrops (figures 3 and 4) [11] in the set designed by Malevich as depicting Researchers often cite the backdrops (figures 3 and 4) [11] in the set designed by Malevich as depicting Researchers often cite the backdrops (figures 3 and 4) [11] in

the fourth dimension because it incorporates a two-dimensional projection supposedly of a hypercube 

drawn by Bragdon [6]. This is problematic. The diagram (figure 1) is actually the projection of a cube 
from a plate in which Bragdon compares the two-dimensional projection of a cube with the three-

dimensional projection of a hypercube.  
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Malevich’s paintings of the following year, 1914, clearly portray the artist continuing his pursuit of 

alogist art with a series of proto-dadist paintings. His oil Englishman in Moscow, for example, has a large 
vertical fish inexplicably blocking out a portion of the titular subject’s head. Behind the Englishman’s 

head hovers an equally perplexing saw blade. This use of seemingly unrelated images impressed over one 

another soon mutated into large, flatly painted quadrilaterals occluding large areas of the painted images. 

Eventually only the quadrilaterals and an occasional circle remained, and Suprematism was born. 

           

Figure 3. K.S. Malevich, sketch for backdrop  Act 1, Scene 1 and Act 2. Scenes 5 and 6 of d 6 of d 6 Victory Over the Sun, 1913. Figure 

4. K.S. Malevich, sketch for The House: Act 2. Scene 5 of Victory Over the Sun, 1913. Figure 5. C. Bragdon, Fig. 1, Plate 5

from Primer for a Higher Space. 

Ouspensky less directly influenced Malevich than his partners in Victory and Malevich does not mention 
him – or the fourth dimension – in his writings. In fact most of the Constructivists believed that theosophy 

was an elitist conceit and that Ouspensky himself was an old style intellectual in the manner of Tolstoy. 

Further, Ouspensky never spoke in regard to the revolution. He did, however, haunt the same café scene 
as did the artists of St. Petersburg [8]. Malevich exhibited his work in St. Petersburg in March of 1915 

during the period of Ouspensky’s lectures there. In December of 1915 at a show of 14 young during the period of Ouspensky’s lectures there. In December of 1915 at a show of 14 young during the period of Ouspensky’s lectures there. In Decembe

Constructivist artists entitled 0.10: Last Futurist Exhibit, he filled an entire room with 39 of his 

Suprematist paintings that he had produced in the intervening months.  

Though Malevich references the fourth dimension in the titles of five of the paintings in that exhibit, his 
interest in the fourth dimension was more in passing, a component of a larger concern for logic in 

geometry. His primary interest resided in geometry at large, as understood from his reading of Nikolai 

Lobachevsky, the Siberian mathematician who first formulated a Non-Euclidean geometry in 1827. 
Lobachevsky was then newly renowned in Russia with the publication there of Lobachevsky was then newly renowned in Russia with the publication there of Lobachevsky was then newly renowned in Russia with the publication the New Principles of 

Geometry, his seminal work on Non-Euclidean geometry, and the establishment of a prestigious prize in 

his name. To Malevich geometry aided art’s goal of surpassing the physical world and he was especially 

interested in Lobachevsky’s idea of “imaginary” geometry [2]. Lobachevsky wrote that geometry need 
have no connection to the real world, but could define spaces that existed only as mental, i.e., imaginary, 

constructs, so long as the geometry was logically consistent.  

The fact that these geometries, all possessing an internally consistent logic, could also defy common 

sense fit into Malevich’s ideas on alogisms. Malevich professed that the same could be true for space in 
painting: that art have its own consistent logic of form, separate and distinct from the natural world, as 

well as the world of commonsense and convention. The route to that logic was trans-rational, unlike the 

reason that governed outmoded perceptions of art. This, too, was in kind with one message of Ouspensky: 

that the fact of a fourth dimension challenged the reason of the third.  
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The actual making of Malevich’s art for the 0.10 Exhibit was more influenced by Bragdon’s 

visualizations on the sectioning of the cube by the two-dimensional plane than by Ouspensky’s 
philosophy. Bragdon referred to these as tracings and illustrated his parable Man the Square using an 

image filled with shapes in the sections of a cube. This image (figure 6) could as well have been a proto-

Suprematist drawing.  

Malevich’s paintings in the exhibit not only recall Bragdon’s illustration, but his installation bears a 

theme remarkably similar to that of the tale Man the Square. Malevich treats the square as the archetype 
of which all of the other shapes are less perfect avatars. Even the circles, he wrote, are descriptions of a 

rapidly rotating cube. Malevich acknowledged his painting Black Square as the progenitor by hanging it 

near the ceiling to span a corner of the room. In traditional Ukraine homes where Malevich grew up this 
was the position of primacy given to the family icons, and this is where he placed his own “bare and 

frameless icon” [3]. The governance of the black square radiates from the “holy corner” through all of the 

works distributed in its presence (figure 7.) 

Color Masses in the Fourth Dimension 

A few titles in the exhibit, such as Black Square and Black Cross, flatly state the name of the geometric 
shape of the painted form. Others bear more curious titles, which seem to have no connection with the 

painted images. Two examples Boy with Knapsack and Boy with Knapsack and Boy with Knapsack Suprematism: Painterly Realism of a Football 

Player each append the sub-title: Player each append the sub-title: Player Color Masses in the Fourth Dimension even though they comprise only 
flat shapes against a white field with not a trace of figuration. The titles of yet other paintings reference 

two dimensions, e.g., Painterly Realism of a Peasant Woman in Two Dimensions. These titles seem, at 

first, like exercises in alogic, in the figurative references given for non-objective forms, but especially the 

allusions to the planar shapes as masses in a fourth dimension. Another explanation, though, might lie in a 
counter-intuitive character of the fourth dimension. One such character is that a three-dimensional mass in 

a four-dimensional space will intersect a three-dimensional space as a plane figure. Initially the mind 

reels: how can a three-dimensional mass intersect a plane as a plane figure yet also produce a plane figure reels: how can a three-dimensional mass intersect a plane as a plane figure yet also produce a plane figure reels: how can a three-dimensional mass intersect a plane
when intersecting a three-dimensional space? As before, a closer look at a lower space analogy can offer 

clarification.  
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Figure 6. Claude Bragdon, Personality Tracings of the Individual (Cube) in a Plane, from “Man the Square” in “A Primer 

of Higher Spaces.” 1913.  Figure 7. The 0.10 Last Futurist Exhibit. Installation view of Malevich’s Suprematist room. PD-

Russia. The painting between the chair and the corner of the room is Boy with Knapsack: Color Masses in the Fourth 

Dimension. High and to the far left and partially cropped is Suprematism: Painterly Realism of a Football Player Color 

Masses in the Fourth Dimension, while high and to the far right, also cropped, is Suprematism: Self-Portrait in Two 

Dimensions. The cropped painting at the extreme lower left is likely Red Square: Painterly Realism of a PeasantWoman in 

Two Dimensions. 

The key is that the mass is in a four-dimensional space when it intersects this three-dimensional universe. 
A plane figure in three-dimensional space passing through a two-dimensional space will appear as a line 

segment at its intersection with that space. Similarly, a solid figure in four-dimensional space passing 
through a three-dimensional space will appear as a plane figure at its intersection with that space. Should through a three-dimensional space will appear as a plane figure at its intersection with that space. Should through a three-dimensional space will appear as a plane f

that solid be a cube, then the intersecting figures would be the same as those of Bragdon’s cubes that solid be a cube, then the intersecting figures would be the same as those of Bragdon’s cubes that solid be a cube, then the intersecting figures would

sectioned by a plane in three-dimensional space. Thus Malevich’s paintings could very well be depictions 

of colored masses from the fourth dimension as they pass through this world; just as they could well be 

plane figures in a two-dimensional space.  

Another factor is how artists then considered pictorial space in painting. By today’s analysis Malevich 

simply deployed planar figures on a plane surface, but at the time there was the presumption that as a 

matter of course all painting depicted space of some depth. In the case of Suprematism the space was not 
necessarily two-dimensional nor was it necessarily three-dimensional. In an essay from 1925 in which he 

reflected back on Suprematism, artist and theorist El Lissitzky labeled the state of space in Malevich’s 

painting as irrational [7]. By this he meant that, in contrast to perspective space, proportions and scales 
and thus relative positions in Suprematist space were indeterminate: the white field might be sensed as an and thus relative positions in Suprematist space were indeterminate: the white field might be sensed as an and thus relative positions in Suprematist space were indete

infinite void or accepted as a flat surface. In the former sense the paintings were “colored masses in the 

fourth dimension”; in the latter sense they were “painterly realism in two dimensions.” 

In an essay in the pamphlet he printed to accompany the exhibit Malevich proffers that the color masses 

are in effect what ensues when all but the aspect of color is retained of the object. The objective form of 
the object is discarded leaving behind a mass of color to occupy the space. The shifting shapes of the 

square, a shape that echoed the frame of the painting, he attributed to the sense of movement and 

dynamism that the artist also sought to retain from his earlier Futurist works. In the same essay Malevich 

states what he believes is the inheritance of Suprematism from Cubism: states what he believes is the inheritance of Suprematism from Cubism: states what he believes is the inheritance of Suprematism f

Objects embody a mass of moments in time. Their forms are various, and consequently their 

depictions are various…which justifies the parts of real objects in positions not relating to 

nature. In achieving this new beauty, or simply energy, we have freed ourselves from the nature. In achieving this new beauty, or simply energy, we have freed ourselves from the nature. In achieving this new beauty, or simply energy, we have freed our

impression of the wholeness of objects. [9] 

Malevich believed that these moments in time and the aesthetics of energy were the essential elements of 
Futurism whose teleology culminated in Suprematism. That dynamism might be that of an internal 

animation of a square or the external movement of objects pressing in from another space. There is a 

significant ambiguity in the logic, or call it alogic, that Malevich’s paintings could well be both. 

Conclusion

This space, which Malevich populated with the transformations of his square, was not that of a fourth 
dimension, but of a conceptual space like that defined by a geometry, be it Euclidean, Lobachevskian or 

any other self-consistent geometry. Geometry in art could have a concomitant logic all its own, alogical any other self-consistent geometry. Geometry in art could have a concomitant logic all its own, alogical any other self-consistent geometry. Geometry in art could

by normal standards. Malevich sought to impregnate that logic with what he called “feeling”. Not feeling 
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in the sense of emotions that one affiliates with the objects and occupants of the physical world, but 

unique feelings that transpire from exposure to entities in an abstract space. In the imaginary geometry of 

his art dimensionality is ambiguous, even moot. 
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Abstract
 
Since 1975 fractal geometry plays an important role on the way of seeing and describing natural shapes. Through the design of 
specific algorithms, and with the use of computers, this relatively new geometry continues to exhibit his potentiality, and ability, 
to generate architectonical objects. 
 
 

Introduction 
 
For architecture, geometry is measure, is concept and is, above all, order. If we look to geometry’s origin, 
as related to the history of Western culture, it appears as a history of measure and verification, connected 
to agricultural activity in the redemarcation of land property after the Nile river floods, being first 
developed as a rigorous practice and, only later, as an abstract activity. 
 
Being geometry an ideal image and abstract order, it confers to architecture a body of built image and 
material form and presents itself as a system of representation and justification of the architectural shapes. 
Since it is an activity that reflects on the problems of form and space, architecture is naturally linked to 
and it is impossible to dissociate from geometry, pursuing, on the one hand, its ideal shapes and, on the 
other, institutionalizing it as a concept. 
 
Yet, geometry hasn’t stayed a static and immutable area of knowledge. Along with other sciences, such as 
mathematics, to which it is intimately linked, or even to physics, geometry, particularly in the last hundred 
years, has been extending its horizon as the result of the development of new theories, like relativity, 
quantum physics, non-linear dynamics and chaos, providing to architecture new instruments of reflection, 
new languages, concepts, methods and techniques, fundamentally based in the development of 
informatics, and definitively freeing itself from the understanding of form and space, as exclusively 
defined by its Cartesian dimensions or strictly based on Euclid’s postulates and common notions. 
 
In The fractal geometry of nature [1], Benoît Mandelbrot, referring to the inability of Euclidian geometry 
to describe the irregular shapes produced by Nature, invokes a new way of seeing the surrounding world. 
However, the question about the geometry who best serves the interpretation and description of such kind 
of shapes still remain. 

 
The answer to the remaining question came from the study of some mathematicians´s work like 
Besicovish, Bolzano, Cantor, Cesàro, Hausdorf, Koch, Lebesgue, Levi, Osgood, Peano and Sierpińsky 
with the help of new instruments, able to perform millions of mathematical operations per second. 
Mandelbrot understood the richness and importance of the patterns and techniques common to the work of 
these mathematicians and created the foundations of a new geometry able to describe many of the 
irregular and fragmented patterns that surround us. In 1975 [2], this new geometry was coined fractal 
geometry. 
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Later on, Falconer [3, 4] gave a very clear definition of the objects generated by this new geometry: 

When we refer to a set F as a fractal, therefore, we will typically have the following in mind: 
(i) F has a fine structure, i.e. detail on arbitrarily small scales. 
(ii) F is too irregular to be described in traditional geometrical language, both locally and globally. 
(iii) Often F has some form of self-similarity, perhaps approximate or statistical. 
(iv) Usually, the ‘fractal dimension’ of F (defined in some way) is greater than its topological dimension. 
(v) In most cases of interest F is defined in a very simple way, perhaps recursively. (v) In most cases of interest F is defined in a very simple way, perhaps recursively. (v) In most cases of interest F is defined

Fractal geometry in architecture 

A few characteristics of fractal geometry, like the repetition of a same base shape at several scales, have 
been used in architecture throughout history and among many different cultures, from Europe, fig.7 to 
Asia, fig.8, and to Africa, fig.9 [5, 6]. However, and before the theorization of this geometry, such 
characteristics were used in a intuitive way and only after the publication of Mandelbrot first book on 
fractal geometry [2] we can declare the intentionality of it’s use. 
The work of Peter Eisenman on the house 11a, Daniel Liebskind on the extension of the Victoria & Albert 
Museum, Steven Holl on the buiding for Woningbouwvereniging Het Oosten or Ashton Raggatt 
McDougall on the RMIT Storey Hall, among others, prove our statement. 

Figure 7: Decorative motif iside 
Anagni cathedral, Italy. 

Figure 8: Meenakshi 
Amman temple, Madurai, 

India.
Figure 9:  Ba-ila village, Zambia, 

fractal model. 

Thus, if in the first examples, fractal characteristics related to the shape repetition of some building’s 
elements at different scales is used, these contemporary architects also make use of fractal objects, like the architects also make use of fractal objects, like the architects also make use of
Menger sponge, or even fractal patterns, like the Penrose fractal, to generate architectural form and, or, a 
surface pavement. 
With the research we started for our PhD thesis [7] we created new instruments that enable the effective 
utilisation of concepts directly connected to fractal geometry through the implementation of specific 
algorithms written in AutoLISP under the powerful AutoCAD environment and that work as an automatic 
shape generator tool. 
This tool was created by stages, from the understanding of how to write the algorithm of a specific fractal, This tool was created by stages, from the understanding of how to write the algorithm of a specific fractal, This tool was created by stages, from the understanding of
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the Menger sponge, (see fig.3) to the introduction of probabilistic characteristics, first on the object’s 
generative process, according to its original rule, i.e. maintaining the proportions of the respective parts, 
fig 10, to the introduction of probabilistic characteristics that change their proportions, fig. 11. 

Figure 10:  3rd iteration of a probabilistic Menger rd iteration of a probabilistic Menger rd

sponge, preserving its relative proportions.
Figure 11:  3rd iteration of a probabilistic cubic rd iteration of a probabilistic cubic rd

sponge, changing its relative proportions. 

In the end, using a palette of 256 colours, available in AutoCAD, we introduced probabilistic colour In the end, using a palette of 256 colours, available in AutoCAD, we introduced probabilistic colour In the end, using a palette of 256 colours, availa
characteristics to the last version of the algorithm, fig.12. 
In this last algorithm, we can choose from a large variety of colour sequences, starting on a single colour, 
to a maximum interval of 255 colours. 

Conclusions

Creating new instruments doesn’t infer the intentionality to find universal solutions, recipes for solving the 
integration of architecture elements or composition issues. The main intension of this research was to 
create new encouraging mechanisms of reflection about these two aspects. 
Fractal geometry and his connection to chaos theory can, through the application of some of its concepts, 
establish a new paradigm of complexity in architecture as a dynamic operative instrument able to define 
and generate new models and new ways of perceiving form and space in architecture. 
Exploring self-similarity concept, allied to Iterated Function System generative mechanisms, enables a Exploring self-similarity concept, allied to Iterated Function System generative mechanisms, enables a Exploring self-similarity concept, allied to Iterated
new approach to the architecture language and to the integration of its elements from the point of view of 
composition. 
In a project to a house in a Southern region of Portugal, the Algarve, we started the exploration of these 
concepts not yet in a global scale but in two main parts of this object, using a fractal approximation based 
on the probabilistic coloured cube, with altered side proportions, fig.13. 
The two main parts are the North elevation and a parallel inside wall that connects the East to the West 
façade, turned to a 14,45 meters wide window placed on the South elevation, fig.14 and 15. 

Consequently, and from the point of view of conscious, and intentional, use of such concepts, we 
demonstrated that architecture makes part of a large set of fractal geometry possible applications and that, 
once again, it can constitute a dynamic and valid tool to create new shapes, establishing new languages 
where the problems of unity between the compositional elements and its connection to the issues raised by 
complexity have a coherent and effective answer. 
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Figure 12: 360º rotation of a multicoloured probabilistic cubic sponge.
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Figure 13: 2D conceptual fractal image for a house in Corotelo, Algarve. 
 

 
 

Figure 14: North elevation and section of a house in Corotelo, Algarve. 

 
 

Figure 15: 3D digital model of a house in Corotelo, Algarve (North and West side). 
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Abstract
This articulated sculpture paper presents an artistic approach to allow for producing a wide variety of distinctive
articulated hands. Based on this approach, we have developed a system that allows modeling and articulation of
hands simultaneously. The system is easy to use. Using our system, one can create a large variety of articulated
hands in a short amount of time. Focusing solely on hands allows the use of more detailed models.

1 Introduction and Motivation

In recent animated movies more and more secondary animated characters are used in addition to the main ac-
tors. These articulated characters are not usually seen in close-up views and do not have as much screen time
as main characters. Although sculpting and rigging a secondary character is much simpler than sculpting and
rigging a main character, to produce each articulated character individually can be a daunting task consider-
ing that there is a need for huge number of secondary characters. Therefore, special effects and animation
companies have recently been developing methods to create a crowd of articulated characters. Although the
quality of these characters has constantly been increasing, there is still huge room for improvement.

Figure 1: Hands are unique, individual and as distinct as the face.

One of the main problems in sculpting and rigging secondary characters is their hands. The importance
of hands in animation is often overlooked and under-appreciated. The hands are very important to create
expressive animations even for secondary characters. Unfortunately, hands represent a challenge in digital
character creation. They have lots of moving parts, and so are extremely difficult to set up correctly.

∗Currently in Pixar Animation Studios
†Currently in Pixar Animation Studios
‡Corresponding author. Address: Visualization Department, C418, Langford Center, College Stations, TX 77843-3137. Email:

ergun@viz.tamu.edu
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In this paper, we have developed a practical approach to produce distinctive articulated hands that can
successfully be used as hands of secondary characters. Our approach can particularly be useful for de-
veloping professional plug-ins for the animation students and animators who do not want to deal with the
complexities of rigging.

2 Approach

Our approach is to deform both the shape and the rig of an existing articulated base model of hand. We then
save these deformations to create an independent, fully functional hand. Our approach is based on the fact
that almost all hands have common characteristics. Therefore, we do not have to change the mesh structure
and joint topology of the base model.

To deform the base hand efficiently we have developed a simple user interface concept that provides
different levels of control to users of varying skill levels and varying desires.

2.1 Modeling the Base Mesh

Our approach starts with modeling a base mesh from which all other hands will be sculpted with deforma-
tion. Hands consist of branch-like shapes. Therefore, hand modeling is essentially modeling branches. For
modeling branches we need to introduce both minima/maxima and saddle points simultaneously.

In contemporary modeling practice, professional modelers use quadrilateral modeling with Catmull-
Clark subdivision [3]. We choose the same approach for modeling hands. With quadrilateral modeling, to
create minima and maxima, there is only one choice: 3 valence vertices [1]. For saddles we can use any va-
lence higher than 4 [1]. Extrusions and wrinkle operations, as shown in Figure 2 introduce minima/maxima
and saddle points simultaneously and therefore, can both be used to create branches in a quadrilateral mod-
eling process.

Initial Wrinkle Operation and Subdivided by One more iteration of
mesh Vertex Valences Catmull-Clark Catmull-Clark

Figure 2: Branch creation with wrinkle operation. Subdivided version showing how an eye or wrinkle is
automatically created with this operation.

For modeling fingers, extrusions are the most natural operations. Finger tips must also be modeled by
extrusions. However, one common mistake is to use extrusion for wrinkles. Although the mistake is not
visible at first glance and results may look acceptable, side by side comparison with a wrinkle operation
shows the problem with extrusion (see Figure 3(a)).

There are also small details that contribute to the final appearance of the hand models. For instance,
fingernails need to be be curved since nails are not flat or straight. We need greater resolution near the base
of the fingers. See the mesh structure of the base hand in Figure 3(b)
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Extrusion Wrinkle
(a) Extrusion and wrinkle operations.

(b) Mesh structure of a hand.

Figure 3: Figure 3(a) shows side by side comparison of extrusion and wrinkle operation for modeling
wrinkles. Wrinkles are co-centric and they look like a bunch of parenthesis, as in (((()))). Therefore, wrinkle
operation is appropriate to create wrinkled regions. On the other hand, in most other places such as the tips
of fingers greater resolution is obtained by extrusion. Figure 3(b) shows mesh structure of a hand obtained
by using these two operations.

2.2 Articulation of the Base Mesh

In current practice, the joints are the most widely used approach to create articulated models. We also use
joints for our basic animation system. We want the base mesh to be fully articulated but not too complex. We
do not need the articulation of the base mesh to be anatomically based, but we want it at least anatomically
correct in appearance.

(a) Joint structure.
No! Yes
(b) Common mistaken assumption.

Figure 4: Figure 4(a) shows joint structure of the hand mesh. Figure 4(b) A common mistake: where the
phalanges meet the metacarpal bones, the bend is at the heart-line.

The Figure 4(a) shows the structure of joints. One of the most important considerations in achieving
anatomically correct appearance of articulated hands is the position of knuckles. In real hands, knuckles are
the places where proximal phalanges meet metacarpal bones. The position of the knuckles is away from the
base of the fingers (see Figure 4(b)). Therefore, bending occurs at the heart-line. In fact, bending “creates”
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the heart-line.
A major anatomical mistake is to bend fingers at a point near the base of the fingers. This mistake is very

common as shown in Figures 5, 6(a) and 6(b). The examples shown in Figure 5 are particularly significant,
considering how many people check for inaccuracies in special effects and animation companies. As shown
in Figure 6(a), the same error even appears in videos teaching modeling and animation of hands. One reason
behind this common mistake is that it is hard to see where the bending occurs from the palm side view. That
can explain why researchers make the same mistake shown in Figure 6(b) even when they were making a
side by side comparison with real hand [2].

Incredible Hulk Incredible Hulk Finding Nemo Final Fantasy

Figure 5: Examples of mistakes in Computer Graphics models of hands in movies.

(a) Frames from a popular video series.
Model hand Real hand

(b) The palm side view hides the problem.

Figure 6: Figure 6(a) shows frames from a popular video series that teaches animation. Figure 6(b) shows
that the palm side view hides the problem. It is hard to see the mistake even with a side by side comparison
with real hand. Note that missing heart-line is caused by wrong knuckle position. These images are from
[2].

2.3 Deforming the Articulated Base Mesh

In our approach, hands are deformed under categories: (1) Deformation based on Animation [4] (2) De-
formation based on Sculpting. These two deformations are not really decoupled. Our hands can deform
differently if their shape is changed.

One possible approach developed by Karthik Swaminathan is to use two different joint structures, one for
animation (animation skeleton) and another for sculpting (modeling skeleton) [5]. This approach is appro-
priate for deforming simple articulated meshes. However, it turned out to be useless for hands. One problem
is that the modeling skeleton becomes too complicated to be able to provide the appropriate deformation.
Moreover, joints are based on a hierarchy. All child nodes inherit the transformations of their parent nodes.
This makes sense for animation in which the basic transformations are rotations and translations. However,
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for sculpting, we need scaling. If scaling is inherited, for instance when we scale a knuckle, we scale the
whole finger, which is, of course, not desirable.

Our solution is to organize the vertices of the base mesh as a set of clusters. These clusters do not have
any hierarchy and do not inherit transformations. Therefore, each cluster can be scaled independently from
the others. These clusters of vertices are used for sculpting. In addition to scaling, we allow limited rotation
and translation. Animation deformation is done in the classical way by using translation and rotation only.
Animation deformations are applied before sculpting deformation to avoid undesirable results. As a result,
the sculpting system behaves differently than the animation system. Each system has its own set of weights.
Figure 7(a) shows weights for sculpting and animation deformations.

(a) Weights. (b) Interface.

Figure 7: Figure 7(a) shows the weights for sculpting and animation deformations. Figure 7(b) shows the
high level interface that consists of a set of sliders.

2.4 Multi-level User Interface

The users need to be able to control both the modeling and animation deformations effectively. Any user
interface that is designed needs to be easy to use without losing detail in sculpting or animation operations.
We have developed the concept of a multi-level user interface to control both systems. In a multi-level user
interface, the level of detail can vary based on user skill and desire. The interface consists of low and high
level interfaces, the higher driving the lower.

The low level interface enables the user to control deformations directly at the cluster level. Such a
low-level interface provides the greatest amount of detail while sculpting, but it can be too complex for
novice users. The high-level interface is less complex to use. It actually drives the low level interface by
providing the ability to perform many low level operations at once. It allows for more abstract interaction
with the scripted controls. This multi-level interface approach is suitable for very quick and simple modeling
operations as well as very meticulous ones.

The system is implemented by using the Maya Embedded Language (MEL). Our system includes an
automatic weight-transfer and binding process.

3 Conclusions

This practical paper presents a simple approach that can successfully be used in a production pipeline. Our
current approach is limited to hands, but can be extended to other types of articulated shapes. The main
problem is that it is complicated to develop a system using this approach. However, once it is completed, it
is easy to use. The quality depends on the initial articulation and sculpting setup. Using this same approach,
it is possible to randomly generate an entire set of articulated characters.
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A common theme in art is the artist’s tapping of his or her own memory to investigate how memory 

transforms the original experience. In this body of sculpture the artist uses mathematical form – specifically 

polyhedral solids – as a metaphor for the mind’s inclination to encapsulate and idealize that experience. 

 

 

Like many artists the subject of my work is the effect of memory on one’s experience, and, in the case of 

the work presented here, especially the experience of places and their significance. Places carry traces, 

fragments that they retain from the history that shaped them. These fragments I see as analogous to the 

fragments of experience that are often all that remain in one’s memory. 

 

The accrual of cultural events into history carries strong parallels to the permeation of personal 

experience into memory. The distancing effects of time coupled with the structural changes incurred by 

the mind’s own filing into memory yields a highly abstract representation of the original sensory data. 

Many works of art, in their attempt to reconstruct memories, in turn take that abstracted mental images as 

their subjects. The mind reformats experience into memory, and art reformats memory into objects. 

 

     
 

 

The current work employs mathematical forms to symbolize the mind’s tendency to simplify and idealize 

experience in abstract, easily recalled patterns. The shards of stone, pottery and nature collected while 

traveling are the grains of place, tiny fractures that hold an ephemeral clue to both their original 

construction and their current state of destruction. The sculptures themselves are small enough to fit into 

one’s hand, as small as a moment or a seashell.  The memories and concepts that they engender are large 

enough to encompass a lifetime.  To hold these objects, deposited by the deep time of geology and the 
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shallower time of cultural history, I fix them into cast polyhedral forms. I do so in regard to the classical 

notion that these Platonic constructs represent a timeless and ideal structure of space; moments of place – 

my memories – embedded in the solid contentment of geometric form. 

 

The choice of the term “moments” to reference the embedded shards derives from the notion that 

moments are like grains of history – grains in the sense that they are minute fractures of time that are 

imprecise in form and duration. A piece of time becomes a moment, not from its measure, but as the least 

fragment of time to which significance adheres. Moments are moments and not seconds or minutes 

because they are marked for memory by personal and cultural meaning. Places are an accumulation of 

moments whose traces remain in the geography; they re-gain their significance as they trigger the cultural 

and personal attachments of the traveler. 
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The proper balance of structure and variety, order and randomness, provides the interplay of predictability 

and surprise needed to engage the viewer. This paper presents a strategy employed by the artist that aid him 

in accomplishing that balance. Beginning with a basic shape template embedded in a co-ordinate grid to 

establish symmetrical order, the artist randomizes the placement of the vertices of the template to generate 

successive layers of variant shapes. The interaction and color of these shapes are then edited by the global 

application of algorithms provided by common tools of graphics programs. 
 

Introduction 
 

Too much structure can drive one to boredom, as can the droning effect of complete randomness. In 

balance, however, structure can provide the grammar to meaningfully organize a visual statement, while 

randomness can offer the unpredictability and surprise that enriches the statement. Information theorists 

refer to the predictability conferred by structure as redundancy and the surprise elicited by the anomalies 

of randomness as information. In his text Information Theory and Aesthetic Perception [3] Abraham 

Moles, who studied music from the point-of-view of information theory, stated that an artistic message 

that provides no information has no reason to hold one’s attention. He went on to add that the same holds 

true for a message that is pure information: without the redundancy to provide a pattern of reference the 

information remains incomprehensible. 

 

Moles knew that one person’s redundancy was another person’s information and vice versa. Prior 

experience, especially one’s enculturation is the determinant. Arabic music was one inter-cultural 

example he offered. For many westerners in 1973 such music would have been cacophonous to their ears.  

Its patterns, despite the redundancy that enabled them, went unrecognized. This effect can arise intra-

culturally as well. Many contemporary forms of art and music are, for similar reasons, incomprehensible 

without practiced attention. The cultural historian Morse Peckham and the art theorist Catherine Kuh both 

pointed to a gradual trend toward “chaos” [4] and “break-up” [2] as art progressed. The perception of 

order in subsequent movements fell to those who remained attentive to the change. Peckham theorized 

that the function of art in a rapidly changing society was to present more and more forms of order that had 

been previously imperceptible, seemingly chaotic. 

 

To balance structure and randomness many modern and contemporary artists have used the tactic of 

generating anomalies within a structured field by the application of a randomizing strategy. The author’s 

current visual experiments follow this tradition. 

 

Strategy 

 
The structured field for the current body of work was a simple orthogonal grid enumerated horizontally 

and vertically from 0 to 9. Taking a cue from the early Suprematist paintings of Kasimir Malevich, 

sectors of the grid defined a template of simple symmetry such as a square or a four-fold cross (Figures 1 

through 4.) At the behest of sets of random digits between 1 and 8, the vertices of the square and cross 

shifted by one unit either orthogonally or diagonally to the grid intersection determined by the digit 

assigned to each of the eight grid points neighboring a vertex. The digits enumerated the intersection  
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Figure 1. K. Malevich, Black Square, 1915.  Figure 2. Black Square transposed to grid. Figure 3. K. Malevich, Black Cross, 

1915.  Figure 4. Black Cross transposed to grid. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 5. Square shifted into an irregular quadrilateral using the randomly generate digits, 7 3 8 5.  Figure 6. Cross shifted 

into an irregular cruciform using the randomly generated digits: 7 3 8 5 7 3 7 2 4 4 6  6. (See the first line of digits in Figure 7 

below.) 
 

 

 
Figure 7. Pseudo-random generation of numbers. 
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beginning in the upper left and following a clockwise circuit. In the case of the cross the vertices fixed to 

the edge of the grid remained fixed to the edges and the odd-even values governed the shift left and right 

or down and up by one grid point. 

 

Both polyhedral gaming dice and a random number generating program are feasible options for creating 

the random instructions. The images below relied on a pseudo-random number generator (Figure 7) [1]. 

Each painting consists of three random variations on the original template plus the template itself for a 

total of four superimposed shapes (Figures 8 and 9.) The format itself then became a fifth shape. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
   Figures 8 and 9.   

 

The entire shape set was selected and then, in the spirit of free-wheeling experimentation, taken through a 

series of Boolean shape edits, transformation operations and color applications offered by Corel Draw. 

The final steps were spot edits, transformation and color changes. Of the experiments the most successful 

were, I believe, the designs derived from the cross. Since the final results were not intended to be a visual 

displays of mathematics, but works of art, the cross carried symbolic overtones and anthropomorphic 

allusion that gave it an edge over the simpler template of the square. 

 

Below are two gallery pages each of which displays six designs. The two groups are themes on two 

different shape sets. 
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Abstract 

This paper presents the virtual museum Mumart developed by professors at the University Miguel Hernandez. 
We will describe the objectives involved in this project, and  we will show some examples of the virtual world 
created for that purpose. The characteristics of the representation of a three-dimensional virtual world greatly 
facilitates the explanation of mathematical concepts and allows a representation of figures and objects in three 
dimensions that would not otherwise have been possible. 

Motivation 
In recent years scientific vocations are in decline and, in particular, interest in the study of 

mathematics. However, the need for maths in knowledge society is increasing. Therefore, we believe it is 
extremely important basics mathematics concepts should be  widely known  in  civil society. As well as, 
it is important show that the Mathematics are amazing, interesting, useful, accessible to all, a part of our 
daily life, and have great importance in culture, development and progress. 

On the other hand, technological advances allow connect us  via  Internet with the society in general. 
In fact, a quick Internet search for different topics related to mathematics allow us to find pages where 
you can find everything from specific software representation of surfaces [1], mathematical sculptures 
[2], arts outreach [3] or disclosure general mathematics [4], and we could go on a multitude of themes and 
web addresses where is evident the relation between the mathematics and its relevance in our knowledge 
society. 

Therefore, we believe that the development of a virtual museum, in which many topics related to the 
mathematics are collected, is interesting and challenging. In this virtual museum, we will explain 
mathematics’ relationship with other areas and with daily aspects of real life. In addition, the museum is 
presented in a way that people can interact with objects and can have the feeling of being in a real 
museum. 

Topics in the virtual museum 

The main aim of the virtual museum of mathematics is to popularize mathematics, and it is designed 
in such a way that no mathematical training is required in order to understand it. History of mathematics 
is presented in the museum among other topics. In particular, there are rooms where the biographies of 
famous mathematicians are displayed, with a special room for women mathematicians. Some of the 
remaining topics present in the rooms of the museum are: popularization of mathematics, recreational 
mathematics, mathematics and art (with virtual exhibitions of mathematical sculptures), fractal art, 
mathematics and architecture, mathematical games and so on. There are also rooms dedicated to give an 
overview of the most recent research topics of interest and their applications. 
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Figure 1:3D representation of the CIO’s Building.

It is intended that the public understands that mathematics are part of our every day life, and they 
need not be abstract and cold as they are sometimes understood. On the other part, mathematics form the 
structure of other sciences and are a basic tool in technological developments. Moreover, they can very 
often be beautiful and fun. 

Physical model and virtualization 

The difference between mumart and other virtual museums is the physical representation of the 
museum. In other words, other virtual museums will be reduced to a set of linked HTML pages in which 
information and pictures of certain items are displayed. However, in this museum, a user can walk into 
the virtual building, just like he would do in a real building.  In this way, a user can enter in the main hall 
and access to each room, like in a real museum, where a particular theme is explained. 

Figure 2: 3D representations of the first floor. 
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The actual building used as model to create this virtual museum has been Torretamarit. This is the 
building where is located the Center of Operations Research (CIO). Based on the building plans, we have 
taken its three dimensional representation (3D). Figure 1 represents the outward appearance of the 
building and its integration into the campus of the university. Torretamarit has two distinct floors, a 
ground floor for classrooms and administrative offices as illustrates Figure 2. On the second floor, the 
offices of the CIO members and also of other professors of the Mathematics, Computer Science and 
Statistics are located. 

Figure 3: 3D representations of the second floor. 

Figure 4: Comparison between virtual and real objects.

The virtual model has been built with a high degree of similarity with respect to the actual building. 
Using plans and photographs of the rooms, it has been able to get the textures of different surfaces and 
represents the building in a very real way. If we get a closer real implementation of the virtual museum, 
then we will get a more vivid feeling when we walk around the museum. As we can see in Figure 4, 
including small details are implemented. 
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Visit to the virtual museum 

If we want to start the virtual visit in the museum, then we must access to the home site of the Museum of 
mathematics [5] showed in Figure 5. In this page, we can find information related to the world of 
mathematics in the same way as is done in other sites that have been mentioned in the introduction.  

Figure 5: Mathematics Museum Home Site.

Our innovation focuses on the virtual tour, we can access to this visit through a link from the 
homepage. Accessing this link, a new Internet browser window will be opened and the user can start the 
visit to the virtual museum from the main gate, as shown in Figure 6. Using the mouse, the user can 
rotate, move forward and backward in the different rooms of the museum and can access to the 
information classified in different thematics. The user can go upstair o downstairs depending the room 
that he want to visit. 

If a user want to get more information about an image, a poster or a virtual representation, then the 
user can click in this object and he will be redirected to a page in the Mathematics museum that explains 
the clicked object. Examples of these linkable objects are showed in Figure 7. Here, the user can see two 
posters and if click them a new browser window will be opened with information about them. 
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Figure 6: Initial position in the virtual visit: Main Gate.

.
Figure 7: Virtual posters located in museum.

Conclusion 

This paper has described the virtual museum that the authors have implemented. The purpose of this 
museum has been to create a virtual environment that enables us to represent the mathematical figures and 
objects in a virtual world.  Objects and figures  that is not possible to represent them in the real world, 
such as three-dimensional renderings of figures, mathematical paradigms and other curiosities.  
Ultimately, Our intention has been to bring the world of mathematics from the virtualization, innovating 
and improving a classical site where the user only displays text and images. During his visit, the user 
accesses through the various rooms in the same way as he would do in real rooms. 
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Abstract

The paper contains description of the course “Visual Mathematics and Design” organized at the Faculty of Information 
Technologies (Belgrade). The course introduces students of graphical design to different areas of visual mathematics:  symmetry
in art and science, isometric symmetry groups, similarity symmetry, modularity, antisymmetry, colored symmetry, theory of 
proportions, theory of visual perception, perspective, anamorphoses, visual illusions, ethnomathematics, graph theory, and 
elements of knot theory. The output of the course is illustrated by representative original student works.

 In the last few years, the need for multidisciplinary courses is rapidly arising, especially in the areas 
of applied sciences which are linked to different types of art expression and are using a variety of 
software. In order to use computers as creative artistic tools, it is necessary to know what is the starting 
point and what is the idea in behind – the basis on which software is created, can we use it  for our own 
purposes, and how?  
 
 In 2005, for the first time in Serbia and in this part of Europe, the Faculty of Information 
Technologies (FIT), that enables e-learning for students, has been opened in Belgrade. Two years after, 
beside IT studies, FIT started with the undergraduate study Graphic Design. During three years of 
undergraduate studies, students achieve practical knowledge of visual communication, through 
typography, images and other visual elements. There we established for the first time in this region the 
course Visual Mathematics and Design. It is one semester based course in the first year of studies. The 
basic idea was to introduce students with various mathematical objects and their basic properties, their 
visual message and visual identity, and get them familiar with different software which can be used to 
construct and manipulate with such objects. In particular, special attention was made to the fact that many 
of our students are distance learning ones. 

 The course has been established as a series of essays about visualization of natural, mathematical, 
geometrical and abstract structures. The initial concept was that almost everything, including the most 
abstract structures, can be visually presented and thus become clearly understandable. The course puts 
together subjects related to computer graphics, mathematics, design and some art and architecture 
disciplines and provides a base for designing visual presentations. During the course, students do several 
home-works and projects based on teaching materials and suggestions. The students were given 
instructions how to use software through the examples from the teaching materials. All students learned to 
use Inkscape, KnotPlot and Ultrafractal. For home-works and projects, students used any appropriate 
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software they are familiar with. Copyrights of all students’ works presented in the paper belong to the 
authors.  
 Within the course, several topics are covered. The first theme is Symmetry in Art and Science, 
where students explored Symmetry everywhere, by making the set of photos with appropriate comments. 
In this manner, starting with informal concept of symmetry, we come to the formal, mathematically based 
concept of symmetry, isometric transformations (reflection, rotation, translation, glide reflection) and 
their symbolic notation [5,6,13,15,18,21,22,24,27,35,36,37,38,39]. 

    
a) Marko Milanovic 

     
b) Miroslav Zec 

Figure 1: Set of photos from students’ exploration on the theme Symmetry everywhere

The students are introduced to the concept of invariants and to the concept of symmetry groups and 
their presentations (generators and relations). Further we considered symmetry of natural structures 
(symmetry of crystals, regular and uniform polyhedra) and their symmetry groups (17 symmetry groups 
of ornaments, 230 crystallographic symmetry groups, point groups and symmetry of polyhedra). The next 
theme, Isometric symmetry groups, is dedicated to symmetry of rosettes, friezes and ornaments. The goal 
of this subject is to learn how to find out and recognize construction methods by working on the examples 
from ornamental art [18, 21, 27, 35, 37, 38, 39]. During the study, students created rosettes, friezes and 
ornaments (Figure 2) by using different software for exploring symmetry groups and tessellations 
("Tesselmania", "Kaleidotile") and standard CAD software (InkScape, CorelDraw, Adobe Illustrator).  

        
a) Marko Milanovic     b) Milos Nikolic 

Figure 2: Students’ works on rosettes and friezes 
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In particular, the concept of Modularity is introduced by recognizing modular structures in nature, 
art and science [16, 17, 18, 31, 32, and 33]. Modularity is treated as a generalization of symmetry and 
manifestation of the principle of economy: possibility to crate a variety of structures from few basic 
elements  modules. Students analyzed choice of basic modules, the level of complexity of obtained 
structures, modular archetypes (Truchet tile), Op-tiles, Space-tiles, Knot-tiles, and explored by individual 
work the principles of recombination and visual identity, economy and diversity as a result of modularity 
(Figure 3 and 4). 

 

 
a) Filip Milovanovic 

 
b) Marko Milanovic   c) Marko Milanovic    d) Milos Adamovic 

 
e) Milos Nikolic 

Figure 3 : The use of modular prototiles (Truchet tile) for construction of modular structures 
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a) Strahinja Ivkovic        b) Miroslav Zec 

Figure 4: The use of optic tiles for construction of modular structures 

 
Students are also introduced to the concepts related to the Theory of Binary Codes: bivalency as a 

basis of logical thinking. Antisymmetry is illustrated by construction of “black-white” ornaments, where 
students can perceive the relation between the figure and ground, the principle of duality, and visual 
dynamic of antisymmetric structures. In the series of lectures Antisymmetry Ornaments, students are 
getting familiar with 17 antisymmetry groups of friezes and with 46 “black-white” ornaments occurring in 
the history of ornamental art, from Neolithic until today [14,23,25,30,31,3240,41]. Based on this 
knowledge, students experimented with antisymmetry and made their own antisymmetric constructions. 
Plane antisymmetry groups are presented in detail, as well as the concept of tessellations with the special 
attention to M.C.Escher’s works [25]. After analyzing his artworks, students constructed different plane 
and sphere tessellations [14] (Figure 5 and 6). 

 

 
Figure 5: Construction of rosettes and ornaments (Marko Milanovic)

Construction of optic tile in grid 5x5 
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Figure 6: Exploration of tessellations (Milos Nikolic) 

In the next topic, Colored Symmetry and it’s Applications, antisymmetry and colored symmetry (of 
rosettes, friezes and plane ornaments) are treated as different forms of desymmetrization (“symmetry 
breaking”) [7, 23, 25, 29, 34, 35, 40, and 42]. In this way, by visualization, students are easily taken into 
the concept of a subgroup of symmetry group, relations between groups and subgroups, and the meaning 
of subgroup index in group. One of the main problems was recognition of symmetry groups as the 
subgroups of maximal symmetry groups generated by reflections. By using the principle of contrast and 
complementarities, students made research related to the recognition of colored symmetry groups in 
ornamental and made their own colored patterns using software for their construction such as "Java Kali", 
or other programs (CorelDraw, Adobe Illustrator, Inkscape…). 

 
In the part of the course dedicated to the Theory of Visual Perception and mechanisms of visual 

perception is analyzed visual perception of 2D and 3D objects, perspective and its special limiting cases- 
anamorphoses [4, 13]. Students experimented with the structures using only one mathematical object: 
square, circle, or triangle (Figure 6).  

 

   
a) Filip Milovanovic     b) Miroslav Zec    c) Miroslav Zec 

Figure 6: Different structures obtained using only one mathematical object
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In the section dedicated to representations of 3D space in 2D plane,  students analyzed  different 
ways of representing space in the history of art (prehistoric, Egyptian, Greek and Renaissance art), static 
and dynamic 3D perception (e.g., different phenomena which provide the illusion of movement). In the 
section Visual Illusions are considered visual mechanisms responsible for them, illustrated by examples 
of static and dynamic visual illusions (Figure 7). After some well known Impossible objects (tribar, 
Kofka’s cube), students constructed their own impossible objects [9, 13]. Within this topic, students are 
referred to Color Theory (additive and subtractive color theory, spectrum, RGB code, complementary 
colors, color circle and relations between colors) as well as to the use of colors in visual design. 

 

   
  a) Miroslav Zec        b) Milos Lazarevic 

 
c) Marko Milanovic 

 
d) Filip Milovanovic 

Figure 7: Visual illusions and impossible objects

 
Elements of the Theory of Proportion are presented: golden section, Fibonacci sequence, similarity 

symmetry... Similarity symmetry (dynamic symmetry), is recognized in natural structures and in the 
process of growing (logarithmic spiral, meander, maze structures) [18, 21, 22, 28]. 
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As a part of Ethnomathematics, students learned the basics of Graph theory and its applications in 
visual mathematics. Graphs occurring in different cultures are reviewed and explained as a universal tool 
for illustrating visual relations, with a special attention to the application of graphs in visual presentations 
of real-life models (traffic, telecommunication) [2].  Students are introduced to the concept of Mirror 
Curves though the examples of mirror-curves in ornamental art (Chokwe sand drawings, Tamil 
“pavitram” curves, and Celtic knots) [3, 10, 11, 12]. For this purpose, students used template grids or 
made their own grids with two-sided mirrors between cells.  The concept of mirror curves is extended to 
their construction from a tessellation of an arbitrary surface. Inspired by P. Gerdes’s works, students made 
their own works on Lunda designs, Lunda fractals and knotwork lettering (Figure 8 and 9).  
 

 

 
a) Strahinja Ivkovic 

 
b) Miroslav Zec 

Figure 8: Construction of mirror curves and its application in font design 
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a) Milic Aleksandra 

 

 
b) Miroslav Zec 

Figure 9: Mirror curves, Lunda design and construction of Lunda fractals 
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As the introduction to knot theory, we presented basic elements of topology, surfaces in space, one 

and two-sided surfaces, minimal surfaces and their models (torus, Möebius band, Klein bottle). Within the 
theme Elements of Knot Theory students become familiar with mathematical concept of knots and links, 
basic terminology and coding of knots: isotopy, knot and link diagrams, Dowker and Gauss codes, 
Conway notation, Reidemeister moves, minimal diagrams, families of knots and links, tangles and basic 
polyhedra [1, 19, 20]. The special attention is given to the applications of knots in science and art. 
Students worked with real knots, their models and drawings, and explored their properties 
(amphichirality, unknotting, relaxation, symmetry) by using knots theory software: "KnotPlot" and 
"LinKnot" (Figure 10).  

 

  
a) Marko Milanovic 

 b) Dijana Dailoski 

Figure 10: Exploration and construction of knots with KnotPlot

The next theme presents Symmetry in Architecture: symmetry of 3D structures, discussing static and 
dynamic architectural symmetry by analyzing classic and modern construction principles in architecture. 
Modern architecture and design is reviewed: thanks to the usage of computers and the possibilities of 
computer design and usage of new materials, construction of various new structures become possible,  
including organic-like structures. As illustrations are used examples of contemporary architecture 
(F.Gehry, M.Watanabe, H.Lalvani, and S.Calatrava). Students also learned about modular architectural 
design, multidimensional polytopes and their use in architectural projects (K.Mizayaki). 

 
In the concluding part of course, Symmetry as the Organization Principle of Art Work is given an 

overview of different applications of symmetry in the history of art.  It is pointed out that symmetry can 
be used as the relevant criterion for the analysis of different patterns occurring in the history of art, in 
cultures distant in space and time, as well as the successful method for their reconstruction and 
recognition of construction methods used by different cultures (D. Crowe, D.K. Washburn) [38]. This 
approach is not restricted only to isometric symmetry and similarity symmetry, but extended to anti-
symmetry, colored symmetry, modularity (as a form of recombination), aperiodicity, "order"-"disorder" 
principle, and self-referential systems (e.g., fractals). Supporting Gestalt theory approach, symmetry is 
recognized as an important element of visual perception. On the other hand, desymmetrization and 
symmetry breaking are distinguished as dynamic principles in creating art-works.  
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Fractals are included in the course as the illustration of self-referential systems. Through the 
examples of Koch, Peano and Dragon curve, students become familiar with the basic terms of the fractal 
theory and the concept of recursion, iterations and iteration series [8, 26]. Moreover, students learned 
about L-systems (Lindenmayer systems), and natural recursive systems. As an exercise, students 
generated fractal images using free software ("Fractint" and "Ultrafractal").  

 
In addition to the numerous individual works done during the course, as a final work students created 

posters for the promotion of FIT (Graphic Design), using elements from Visual Mathematics’ course 
(Figure 11).  

   
 a) Milos Lazarevic         b) Miroslav Zec 

 
c) Strahinja Ivkovic 

Figure 11 : Some of final students’ works - posters for the promotion of FIT (Graphic Design), constructed by using 
elements from Visual Mathematics’ course 
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The LINKS initiative of the School of Education at DePaul University offers faculty consultants to K-12 
educators on the application of that faculty member’s discipline. One aspect of this initiative is the 
incorporation of mathematics into art training and the similar incorporation of the arts into mathematics 
appreciation. This roundtable invites the participation of art and mathematics professionals to share 
experiences and approaches 
 

Overwhelming evidence indicates that integrating art into math education is an extremely effective 

method for fixing math concepts in the minds of children - and perhaps more importantly – for 

establishing an early appreciation for math.  Conversely, employing math concepts in art making 
enhances artistic sophistication by emphasizing pattern development and abstract relationships, accenting 

the kindred level of creative thought necessary to both processes. 

 

The LINKS initiative of DePaul University’s School of Education has thus far worked with seven public 
and private neighborhood schools to promote such integrative use of art and mathematics.   This 

consortium of like-minded professional educators strives to offer a wide range of skills to enrich school 

programs and their communities, and to support each other in the development of programs for today’s 
classroom.  Links participants recognize the need to prepare teachers differently in changing times, and 

offer our service as knowledgeable voices in the preparation and training of future teachers.  One of the 

desired outcomes is to affect the improvement of arts integration into fields such as math.  Art disciplines 
are recognized as serving a dual role.  Visual arts, music, theater and dance are treated as independent and  

 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

        Figure 1:  Students at Oscar Mayer School - M2 
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essential curriculum content in themselves and also as essential tools to develop inquiry, improved 

practice and enhanced learning in other fields such as math.  Math techniques and concepts are then 
reflected back to improve the development of the arts. 

 

An example of this action in the class room was exemplified this year at the Oscar Mayer School. 

Classroom teachers have been working with Zephyr Dance Company in a collaboration to create an 
innovative arts integrated curriculum model that utilizes dance to advance mathematical understanding 

while developing response and critique techniques in the arts.  M2: Math in Motion (M2) serves to create 

original, arts-integrated curriculum with students and teachers, while providing professional development 
for teachers and expanded opportunities for parental involvement.  Figure 1 

 

Teacher training has involved workshops that require the development of lesson plans featuring math 
concepts such as symmetry, geometry and estimates presented through a combination of music, art 

making and dance or rhythmic movement.  

 

This April thirty second graders of the Louisa May Alcott School performed a lesson that involved using 
their bodies to demonstrate architectural structures such as arches and domes.  The children needed to 

think not only about the theatrical presentation, but also had to figure out how many children would be 

needed for the structures and how to estimate the force and stress of their own weight on each other. They 
also looked great doing it.  Figure 2 

 

 
 Figure 2:  Louisa May Alcott Second grade student as an architectural structure 

 

The concepts of proportion and scale relationships were taken to a sculptural level at Senn High School 

where students employed those principles to build a life-size soda can robot. 
 

Last summer Link offered a summer institute which included a two-day program for seventy five pre 

school through twelfth grade teachers that highlighted math/art integration into the school curriculums.  
This program, which I designed and facilitated, was first met with resistance from some attendees and 

ended with a resounding reversal of attitude.  A number of attending teachers could not originally believe 

art could hold a role in their classrooms, and other teachers felt that math would not facilitate the learning 
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that their children were undertaking.  Both groups were actually delighted to find that they not only were 

wrong, but now had new tools to help them in their inquiry approaches to teaching.  Our two featured 
speakers were Nat Friedman and Steve Luecking, who both presented afternoon workshops and did a 

stellar job of relieving teachers of their fears while expanding their thinking.  Figure 3 

 

 
 

 

 
 

 

 
 

 

 

 
 

 

 
 

Figure 3:  Nat Friedman instructing teachers at DePaul University Summer Teachers Institute, 2007 

 
The LINK-Initiative PDS Network is supported by the Searle Funds at Chicago Community Trust and 

Mayer Family Foundation. 

 

     Your Participation 
 

Anyone interested in math and art education in general are encouraged to sit in on this open discussion.  

The goal is to share the practical experiences and interdisciplinary expertise of the participants of the 
Seventh Interdisciplinary Conference of the International Society of the Arts, Mathematics, and 

Architecture in implementing this integration.  Participants are especially encouraged to offer and discuss 

the issues and solutions they have encountered. 

 
Among those encountered by LINKS faculty consultants have been: 

• The need to explore techniques to instill confidence in teachers who are not experienced in either 

art or math concepts. 

• Re-education to the fact that the arts are functions that all humans participate in everyday, with 

simple techniques and tools. 

• The awareness that math practice is attainable and advantageous to routinely include in art 

development. 

 

Participants are encouraged to bring copies of materials you have or are currently using to share with the 
group.  For more information concerning the LINK Initiative contact:  http://condor.depaul.edu/~link/ 
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